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Abstract

The axiomatization of arithmetical properties in theorem proving creates many straightforward
inference steps. In analyzing mathematical proofs with the CERES (Cut-Elimination by Resolution)
system, it is convenient to hide these inferences. The central topic of the thesis is the extension of
the CERES method to allow reasoning modulo equational theories. For this, the inference systems
of Sequent Calculus modulo and Extended Narrowing and Resolution replace their non-equational
counterparts in CERES. The method is illustrated by examples comparing inference modulo the theory

of associativity and commutativity with unit element to inference in the empty theory.

Zusammenfassung

Die Axiomatisierung arithmetischer Gesetze im Bereich des automatischen Beweisens erzeugt
viele fiir Menschen intuitive Ableitungsschritte. Bei der Analyse mathematischer Beweise mit der
CERES Methode ist es von Vorteil, diese auszublenden. Diese Arbeit erweitert CERES um inte-
grierte Gleichungstheorien. Dazu wird die Methode auf einen Sequenzenkalkiil modulo und einen
passenden Resolutionskalkiil iibertragen, welche beide dem Prinzip der Deduction Modulo entstam-
men. Als laufendes Beispiel wird die Theorie modulo kommutativer Monoide verwendet und mit der

urspriinglichen Methode verglichen.
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CHAPTER 1

Introduction

Logic is like the sword — those who appeal to it shall perish by it.
Samuel Butler

The original application of reductive cut-elimination was in the proof of Gentzen’s Hauptsatz where it
was used to show that first order predicate logic is complete [Gen35]. It also has close relations to Craig’s
Interpolation Theorem and Herbrand’s Theorem [Bus98, TS00]. In the context of analyzing mathemati-
cal proofs, a faster cut-elimination method named CERES (Cut-Elimination by Resolution) [BLOO] was
developed which in contrast to the local proof rewriting method applied during reductive cut-elimination
uses the resolution principle to remove cuts. The characteristic clause set extracted during the proof
transformation provides additional insight into the mathematical arguments used in the proof [BHL*08].
Nonetheless parts of the theory like the equational laws of associativity and commutativity needed for
a proof are applied in a - for humans - quite intuitive way. In order to hide these steps from both the
proof itself and the characteristic clause set, the aim of this thesis is to formulate CERES for a sequent
calculus with an integrated equational theory. The framework of deduction modulo [DHKO3] provides
such a sequent calculus, also has a cut-elimination theorem and a corresponding natural deduction and
resolution calculus. Since some of the existing proofs analyzed with CERES use associative-commutative
operations which have a unit element, the theory of commutative monoids is used for experiments.

In chapters two and three we will present the notion of equational theories in general and that of
associative-commutative ones with and without unit element. Chapter four then gives the notions of
deduction modulo, whereas the central part formalizing CERES modulo equational theories is contained
in chapter five. The remaining chapters six and seven provide a discussion of the results. In the appendix

there is also an overview of notations used during the text.



CHAPTER 2

Equational Unification

2.1 Overview

As regards the proposition that three is equal to two and one, which you adduce, Sir, as an example of
intuitive knowledge, my comment is that it is simply the definition of the term three; for the simplest
definitions of numbers are formed in this manner- two is one and one, three is two and one, four is three

and one, and so on.
Gottfried W Leibniz

Equational unification is a generalization of syntactic unification (first explained for the Resolution
method [Rob65], an exhaustive presentation can be found in [Kni89,BS01]), which searches for a substi-
tution to make two terms syntactically equal. Here, terms need to be equal modulo a set of equations on
terms. Two equivalent characterizations of equality modulo theories are common, one defining a seman-
tics which requires equal terms to evaluate to the same element in the domain and a proof system which

uses instantiation and substitution of equals as rules.

2.2 Definition over Universal Algebras

Syntactically, terms are constructed over a signature and a set of variables. The signature ¥ contains
function symbols (usually denoted by f, g, ...) with their respective arity; nullary function symbols are
also called constants (often named ¢, d, . . .). Variables (usually denoted by u, v, .. .) are held in a separate
set V. The actual terms 7'(X, V') are defined inductively: variables and constants are terms; if ¢y,. ..,
are terms and f is a function symbol of arity n, then f(¢1,...,%,) is a term.

For the replacement of variables by terms, we introduce the notion of substitution.

Definition 2.2.1. A substitution ¢ : V +— T(X,V) is a mapping from variables to terms, where only
finitely many variables are not mapped to themselves. Applying o to a term ¢, denoted by to is done

recursively:



o(x) ift=ux
to = c ift=c

f(tlo,...,tna) lftzf(tl,,tn)

The empty substitution i.e. the identity function is denoted by €.

Application of substitution is written in postfix notation. We also note that substitutions are not

commutative.

2.3 Semantics

The semantics given here are in the spirit of the one defined in [BN98], although the ones given in
[P1a93, BS81] are very similar. A X-algebra A is a structure (A, v) containing the carrier set A and an
evaluation function v mapping each function symbol f € ¥ of arity n to a function f* from A™ — A.
This alone is not enough to evaluate a function, but similar to predicate logic, given a variable assignment
1 : V +— A, terms can be evaluated recursively. In the following definitions no particular assignment is
mentioned, instead only propositions over the equality of functions are made.

There are some simple means of creating new algebras from a given one:

Definition 2.3.1 (Subalgebra). Let (A, v) be a -algebra. Then the structure (B,v) with B € A is a
subalgebra (over the signature X) iff for all f € &, f4 = f5.

Definition 2.3.2 (Homomorphism). Let A and B be two X-algebras with carrier sets A and B and let ¢

be function from A — B. Then ¢ is a homomorphism iff it is compatible with all functions f € ¥, i.e.

$(fHar,- - an)) = fP(d(ar), .-, dlan)).

Definition 2.3.3 (Direct Product). If Ay, ..., Ay are X-algebras with their respective carrier sets Ay, ..., Ay,
then the algebra P with P = Ay x ... x Ay is their direct product, where each function symbol f of arity

n is interpreted component wise, that is

Wi(flp(pla cen apn)) = fAi (Wl(pl)a v ,Wn(pn))

where 7; denotes the projection function returning the ¢-th element of an n-tuple.
Now we can also describe a model of an equational theory by means of homomorphisms:

Definition 2.3.4 (Models of equations). The equation s = t holds in the Y.-algebra A with carrier set A,
in symbols A = s ~ ¢ iff for all homomorphisms ¢ : 7 (X, V) — A from the terms to .4, both terms are
mapped to the same function i.e. ¢(s) = ¢(t).

If E is a set of equations, then the X-algebra A is a model of E iff for each equation e € E, A |= e.
The class of all models of E is called the X-variety of E, in symbols V(E).



Definition 2.3.5 (Semantic consequence). The equality s ~ t is called a semantic consequence of a set
of equations E (E |= s & t) iff for all models M € V(E) the equality s & t holds in M.

The equality relation ~g induced by the equational theory E is defined such that for terms s,t €
T(X,V), the relation s ~ g t holds iff the equation is a semantic consequence of the theory i.e. E = s ~
t.

Varieties are closed under the operations described above. They also give rise to the syntactic rules of

replacement and substitution.

Theorem 2.3.6 (Birkhoff’s Theorem [Bir35]). Let E be a set of equations. Then the class of varieties

V(E) is closed under the creation of subalgebras and direct products as well as under homomorphisms.

2.4 Proof Systems

There are also proof systems for equational logic, for instance the ones in [Bir35, Lei94, P1a93, BNOS,
GS93]. The rules given in figure 2.1 are taken from [Lei94, BN98] but have Leibniz’ rule of substitution
of equals by equals instead of the replacement rule: We have two introduction rules, the first one realizing
the axiom of reflexivity, the other one allowing equalities from a given set E as axioms. Apart from the
mentioned Leibniz rule, the instantiation rule applies a substitution to an equality. Since Leibniz’ rule is
a generalization of replacement, the rules of symmetry and transitivity from [Lei94, BN98] are derivable
(see figure 2.2). Now a set of equations E proves the equality of the terms s and ¢, denoted by g s ~ ¢,

if there is a sequence of rule applications deriving s ~ ¢ from the axioms.

s=tekl
Equational Axiom Reflexivity
Fps =t FeT[ul Fpu="v
g0 — 6 FeT[v]
Instantiation Leibniz

Figure 2.1: Rules of equational inference

Some commonly used equational axioms are associativity (A), commutativity (C), distributivity (D),
idempotence (I) and the existence of a unit (U) or an inverse (') element. Also a combination of these
axioms is often desired, since for instance A U U describes a monoid. For easier notation, the set union
symbol is dropped, so ACU ! stands for the theory of abelian groups. In case of multiple function
symbols, the relevant symbol is added as a subscript.

As an example of a derivation, in the theory AC, the equation f(a, f(b,¢)) ~ac f(f(b,a),c) has
the proof given in figure 2.4.



s =s Fps=t Fet=u Fpu =v

T — Leibniz pr— Leibniz
Reflexivity Transitivity
Fef(st,- - ,80) = f(s1,...,5n) Fesi =t
Leibniz
Fef(st, ... 80) = f(t1,82...,5n) FEsi =1
l_Ef(Sla"'asn):f(tla'--atiasiJrlaSn) FESn =1,

Leibniz

l_Ef(Sla---78n) = f(tlaatn)

Replacement

Figure 2.2: Derivation of Reflexivity and Transitivity in Equational Reasoning

b= 0 Iy = {f@2)~ 7}
Ap = S, (y,2) = f(f(z,y),2)} Dyrg = {f(9(z,y),2) = 9(f(z,2), f(y,2))}
Cf = {f(fL',y) ~ f(yam)} Uf = {f(.’IJ,e) I~ .’I,'}

{f(z,27") ~ e}

Figure 2.3: The equational axioms for Associativity, Commutativity, Idempotence, Distributivity, Unit
Element and Inverse Element.

AC }_Ef(‘rvf(yzz)) = f(f(mvy)vz)) Inst
AC }_E‘f(‘% f(b7c)) = f(aa f(ba C)) AC }_E‘f(a7 f(b7 C)) = f(f(a7b)a C)) Leibniz AC }—Ef(ﬂ’»‘,y) = f(y,m) Inst
AC FE‘f(av f(b7 C)) = f(f(avb)rc)) AC I*Ef(a:b) = f(br CL)

AC |_Ef(aa f(ba C)) = f(f(ba a),c))

Leibniz

Figure 2.4: Proof of f(a, f(b,c)) = f(f(b,a),c)

In [Bir35], also the equivalence of semantic models of equations and their derivability via reflexivity,

symmetry, transitivity, replacement and substitution is shown.

Theorem 2.4.1 (Completeness of equational inference [Bir35]). If E is an equational theory and s,% €
T(X,V)then s ~p tiff itis derivable i.e. g s ~ t.

Also equalities are easily expressible in predicate logic with equality, where the models of the formula
VET(s1 = t1) A ... AVT,(s, = t,) for the equations s; ~ ¢; € E with z; being the free variables of s;
and t; correspond to the models of the equation s &~ g ¢ which only have the additional fixed definition of

the equality predicate.



2.5 Unification

There are two decision problems for equations we often study: the word problem and the unification
problem. The former is the question if, given an equation s Z t, all substitution instances are equal
modulo the theory E i.e. so &~ to for all substitutions . This can be solved by the methods presented
above.

The latter asks whether for the set of equations {s; L t;|1 < n} there exists a substitution o such that
s;0 ~p t;o. The generalization to sets is necessary, since even in the empty theory, every equation in
{z L a,r L b} has a unifier, but the whole set does not'. For unification problems, we are also interested
in the set of all possible substitutions, not only in unifiability. A shorter name for unification modulo the
theory E is E-unification.

Now we are ready to define the unifier of two terms. Since some unifiers are contained in others, it is

also of advantage to introduce a notion of generality and only look at the most general unifiers.

Definition 2.5.1 (Unifier). If P = {s; z t;|]1 < i < n}is a unification problem and o is a substitution

such that s;0 ~g t;0 for 1 < ¢ < n, then o is called a unifier of P.

Definition 2.5.2 (Generality [BN98, p. 255]). A substitution ¢ is more general than the substitution 7
modulo the equational theory E on a set X, written o <§ T, if there exists a substitution A such that

zo ~g x7A for all variables z € X.

The restriction to a set X of variables is introduced, because usually only the variables in the unifica-
tion problem at hand matter. If we omit X we thus assume X to contain only those variables.

The generality relation has the properties of reflexivity and transitivity and is therefore a quasi-order.
Of special note is that it allows incomparable elements to be present. In the theory of commutativity, for
instance, the equation f(z,y) L f(a,b) has the two unifiers oy = {x < a,y < b} and 03 = {x

b,y < a}, but neither oy <¢ 09 nor 05 <> 071.

Definition 2.5.3 (minimal complete set of unifiers [BN98, p. 256]). Given an E-unification problem P,
a set of substitution C is complete, if every o € C is an F-unifier of P and for each E-unifier 7 of P there
exists a unifier o € C such that 0 <g 7. A complete set C of unifiers is minimal, if for all o, 7 € C where
o <pg 7 holds, also 0 = 7. If a minimal complete set of unifiers contains only one element o, then o is

called most general unifier?.

Sometimes we also need a more fine-grained classification of equational theories. For this, we can
restrict the signature of the terms to be elementary, allow constants or look at general terms. Also the
cardinality of the minimal complete set of most general unifiers is a measure for the complexity of the

unification problem.

Definition 2.5.4.

IThis cannot happen for word problems because they are universally quantified.
2Sometimes, the minimal complete set of unifiers is also called the set of most general unifiers.

6



* An elementary E-unification problem is only defined for terms containing function symbols and

constants from the signature of E.

e An E-unification with constants is only defined for terms over the signature of £ and additional

constant symbols.
* A general E-unification problem does not restrict the signature of the terms.

Definition 2.5.5. An E-unification is of type zero, if there is no minimal complete set of unifiers (in
general). It is of unitary type, if there is at most one most general unifier. The type is finitary if the

cardinality of the complete minimal set of unifiers is finite and infinitary if the cardinality is infinite.

For its use in resolution based theorem proving, unitary unification is the most desirable one because
the only choice during the application of the resolution rule is that of the clauses and the complementary
literals to resolve over. Luckily syntactic unification (()-unification), is in this category.

The generalization of the resolution method to equational resolution [Plo72] nondeterministically
chooses an E-unifier of complementary literals during a resolution step. In an implementation this is
often approached by backtracking or lazy unification [God90], but both add complexity to the search for
a refutation. Since C', AC' and ACU are finitary for the general unification problem, they create only a
bounded number of choice points, whereas infinitary theories like A3 need some finite representation for
the set, which further increases complexity.

For theories of type zero the notion of generality is no improvement to looking at all unifiers. This is
so because if there is no minimal complete set of unifiers, then for every unifier o, there is a more general
unifier 7 such that 7 < g o. An example for this is the equation f(z, f(y,x)) ~ar f(z, f(z,2)) in the
theory AI.

A summary of the example theories can be found in figure 2.5, a far more detailed discussion also

giving results for the elementary and constant case can be found in [BN98,BSO01].

Unification type | Theory

Zero Al

unitary 0

finitary C, AC, ACU
infinitary A

Figure 2.5: Examples of E-Unification types for the general unification problem

3Even very simple equations have no finite minimal complete set of unifiers in A. In an example from [Plo72] the equation
fla,x) ~ 4 f(x,a) has the most general unifiers 0, = { «= a™} with n > 1, but since each instance of the equation is ground,
no unifier is obsolete by generality.



CHAPTER 3

AC and ACU Unification

3.1 Overview

We toast the Lisp programmer who pens his thoughts within nests of parentheses.
Alan Perlis

Many equational theories in mathematics are associative and commutative; some examples are ad-
dition and multiplication over the natural numbers, set union and intersection, logical disjunction and
conjunction or the use as a representation of multisets. Before the name ACU became widely used, it
was also described as AC1 unification and unification over commutative monoids. Addition and multi-
plication over the positive natural numbers N* is an example of an AC theory without unit. Interestingly,
equalities over ACU are easier to solve than those over AC, but many algorithms are suitable for gener-
ating a complete minimal set of unifiers for both theories. For our purpose we want to replace syntactic
derivations (of which one of the main approaches is narrowing [BS01, Rub99, Rus10] ) by a semantic
approach, so we will concentrate on the latter.

In the following chapters, f will denote the associative-commutative function symbol and e the unit

element.

3.2 Deciding the word problem for AC and ACU

The intuitive interpretation of associativity is that the nesting of f is not important. Commutativity means
that the order of the terms contained in a structure of fs does not matter. So basically, an f-term can be
seen as a multiset of its arguments. To compare the words s and ¢ modulo associativity, rewriting modulo

the rule

f(t17"'Jf(sl7"'78m)7"'7tn)—)f(t17'"7817"'7Sm7"'7tn)

allows to flatten s and ¢, such that their normal forms s’ and ¢’ only need to be checked for syntactic
equivalence [LC89]. To take commutativity into account, we can choose a total ordering <t on terms and

sort the arguments of f in s’ and ¢’ such that in the resulting terms f(sq,...,s,) and f(t1,...,t,), the



arguments are ascending with regardto <, i.e. s;<sjand {p <t forl <i<j<nandl <k <l <m.
A possible choice for <1 is a lexicographic path ordering induced by the alphabetic ordering of the logical
symbols, which is defined for instance in [DJ90]. The unit element can be handled by removing every
occurrence of e from the arguments after sorting.

It is also often useful to identify a (flattened) term by the multiset of its arguments, i.e. f(t1,-..,tm)
will be written as {t{*, ..., tS" }, where the ¢; denote the multiplicity if ¢; in the set. If it is unambiguous,
the terms can be concatenated as is commonly used in formal languages, so the former term will be

5 c1 c
written as ¢" ... 1",

3.3 Diophantine Equations

Since semantic AC- and ACU -unification solves linear diophantine equations as a subproblem, we need
to make a small intermission. Equations of polynomials over the integers were already studied by Dio-
phantus of Alexandria [Dio52] after whom they are named. A famous (general) diophantine equation is
a™ + b™ = ¢, also known as Fermat’s last theorem, which he conjectured to be unsolvable for different
a,b and ¢ when n > 2 but has been completely proven in the last twentieth century [Wei]. Arbitrary dio-
phantine equations also found a direct application to computability theory in the form of Hilbert’s tenth
problem [Hil00], which is the question for a recursive algorithm to decide whether a diophantine equa-
tion is solvable. Although the general problem was proven undecidable [Rob52, Dav53, DPR61,Mat70],
its restriction to linear equations is decidable. Many notions from linear algebra over the reals carry
over to equations over integers, but in contrast to (R, +,-), the algebra {Z, +,-) is only a ring, not
a field. Solutions can still be expressed as a linear combination of basis vectors, but the number of
base vectors may be of exponential size in the number of variables [Lan89, Dom92]. Since the Gaus-
sian algorithm for the computation of a basis is not applicable, other algorithms had to be developed
[Lan89, CF89, For87,Con93, Dom91b].

In the following, we will make the basic definitions more precise keeping the presentation close
to [CF89]. Then we give an algorithm computing the basis of a linear diophantine equation and also one

for systems of equations.

Definition 3.3.1 (Linear Diophantine Equation). A linear diophantine equation is of the form

n
Z C;x; = h
i=1

where ¢; € Z are constants and z; are variables over Z. An equations with h = 0 is called homogeneous

and inhomogeneous otherwise. A solution is a variable assignment for all 2; such that the equation holds.

Diophantine equations can be elegantly written using the inner vector product. In our case, the original
equation has a left-hand side and a right-hand side with positive coefficients only, so often positive and

negative coefficients are written separately. Using the notation of (£,7) for the concatenation of £ and 7,



a solution is then a vector (&,7) such that a § —bn = h. Also a linear combination can be easily written

as 3 5i v;.
As we are only interested in studying non-negative solutions, for the equation axz — by = h, we

denote this set by S(a, b, h) and write S(a, b) in the homogeneous case.

Definition 3.3.2 (Solution). Let a x — by = h be a linear diophantine equation with @ > 0 and b > 0.

Then its set of (non-negative) solutions is defined as

S(a,b,h) ={(&m)la§—bn =h,(§n) > 0}

For homogeneous equations we define

S(a,b) ={(&n)]aé—bn=0,(&n) > 0}

By the lack of an additive and multiplicative inverse, the solutions only form a monoid which is
finitely generated from the minimal solutions with respect to pointwise ordering. [CF89]

Now we will formally define the basis of a diophantine equation and look at the minimal solutions
with regard to comparing vectors component-wise to see that they form a basis. Indeed, many algorithms

[CF89,Lan89] compute these minimal solutions to find a basis.

Definition 3.3.3 (Basis). A basis of ahomogeneous diophantine equation is a smallest finite set' {31, ..., 35}
such that for every solution s € S(a,b) it is composable of a linear combination of basis vectors i.e. for

each s there exists A, ..., A, suchthats = 31" | \; B,

Definition 3.3.4 (Pointwise ordering of vectors [CF89]). Let (£,7) and (£',7') be two vectors with |{| =
|¢'| = nand |n| = |5'| = m and let < be the usual ordering on natural numbers. Then < can be extended

to a pointwise partial ordering on vectors:
&n) < (él,ﬁl) iffé,- < é; andﬂj < Q; forallie {l,...,n}and j € {1,...,m}
this ordering can be made strict by defining:
(& mn) < (&,n)iff (§,m) < (¢,n') and & < é; orng, < Q;, for some indices i and j.

Definition 3.3.5 (Minimal Solutions [CF89]). The set of minimal solutions of an equationax —by = h
is defined as the subset of < minimal elements of S(a, b, h)\{0} as

M(a,b,h) := {z € S(a,b, h)\{0}] there exists no y € S(a, b, h)\{0} s.t. y < x}

and for a homogeneous equation as

M(a,b) := {z € S(a,b)\{0}| there exists no y € S(a,b)\{0} s.t. y < x}

I'The basis is not necessarily unique.

10



Lemma 3.3.6.
The set M (a, b) is a basis for the homogeneous linear diophantine equationa z — by = 0.
The set of {m + s|m € M(a,b,h),s € S(a,b)} is a basis of the inhomogeneous linear diophantine

equationaxz —by = h.
Proof. given in [CF89] by showing that
1. M(a,b) and M (a,b, h) are finite
2. S(a, D) is the set of linear combinations of M (a, b)
3. S(a,b,h) = {m + s|m e M(a,b,h),s € S(a,b)}
O

One of the optimizations of [CF89] is the observation that variables with the same coefficient can be

grouped and instead of the sum of the single variables a fresh one is used.

Definition 3.3.7 (Injective companion). Given an equation
afa;) Bb;)
Drai- (D) wid) = 2 b () 4ik) =0
k=1

iel =1 jed

where the functions o : I — N* and 8 : J +— N7 return the number of variables grouped for each

element of an appropriate index set I = {1,...,n} and J = {1,...,m}, define its injective companion
as

Zai-mi—ij-yj =C

iel jed

The function v mapping (z;, yj%) to (Zla:(’;) xM,Z’Z(:b{) y;1) fori € I,j € J then expresses the
relationship from the variables of the equation to that of the injective companion. Given the sum, the
values of the original variables can be easily enumerated. Since v allows a direct translation from the
original equation to the injective companion and back, the set of solutions and also the set of minimal

solutions of the equation can be calculated from the companion.

Lankford’s Algorithm

In [Lan89], an easily implementable algorithm was presented. Given an equation gz — by = 0 with
la| = n and [b| = m, it starts with (z,y) = (0,0) and systematically increasing each component as
long as it decreases the norm of the equation. If there is no possibility to increase a component without

decreasing the norm, the algorithm halts.
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Definition 3.3.8 (Norm of a vector). Let v = (§ , Q) be a vector. Then we define its norm as

[vle=a€—bn

Taking the identity matrix ™™, we assign the first n. vectors to the set A and the remaining m
vectors to the set B.

We now inductively define the sets X,P,N and Z, where X will hold the newly generated vectors,
P and N will hold the vectors with positive and negative norm which are irreducible regarding to the

already found basis vectors Z. The initial values are:

X,=0 P =A
Zl =® N1=B

and given the sets of step & we compute those of step k£ + 1 as follows:

Xi1=(A+ Np) v (B + FP)

Py 1 ={s|s € Xj+1,|s|| > 0 and s irreducible relative to Zj}
Niy1={s|s € Xi+1,]|s]| < 0 and s irreducible relative to Zj}
Zyv1=21 © {8]s € Xp11, 8] = 0}

A vector s is reducible with regard to Z, if and only if there exists a vector z € Zj, such that z < s.
The addition of sets is defined as A + B = {a + bla € A,b € B}.

The algorithm always terminates with the halting condition that both P, and Ny are empty. Then the
set of minimal vectors with norm 0 i.e. Z = M (a,b) is the basis we were searching for.

As an example, take the equation 221 + o — 2y; = 0. To refer to the intermediate results more
easily, we name the vectors v; to v7 and give their norm and value in figure 3.1. We start by setting
A =P ={v,v2}, B=N; = {vg}and X1 = Z; = 0. Instep 2, we get Xo = {v4,v5} U {v4,05} =
{v4,vs}. Since no vector in X, has positive norm, P, = () and because v is irreducible respective to Z1,
Ny = {vs}. The vector vy has norm zero and thus Z, = {v4}. In the final step, X5 = ) U {vs, v7}. Since
vy < Vg, Vg is reducible reducible to Z,, which means that P; = N3 = (). We get Z3 = Z> u {v7} and
have now calculated M (a, b) = {(1,0,1),(0,2,1)}.

step 1 step 2 step 3
name ||| vector | name || vector | name ||  vector
v 2 (1,0,0) | w4 0 (1,0,1) | we 1 (1,11
V2 1 (07170) Vs -1 (07171) U7 0 (0)271)
V3 —2 (07 07 1)

Figure 3.1: Overview of intermediary vectors in the calculation of the basis of 22y + o —2y; =0
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Systems of linear diophantine equations

In [BCD90] an algorithm for systems is given. Similar to [Lan89] and [CF89], the possible solutions are
enumerated by assigning each coefficient a distinct line of the identity matrix and constructing candidates
by adding one of the identity vectors to candidates from the previous step. In the case of one equation
a newly generated candidate is only accepted if its norm is decreasing. Given k systems, we also have
a k-tuple of norms, so it is not directly clear what decreasing means in this context. But when the
vector is interpreted geometrically, a natural measure emerges: given the system of equations {a; - £ =
0,...,a; - = 0} then let z be the vector to be modified, e; be the line of the identity matrix with
m;(z) = 1 and let d(z) be the vector of norms (|zq,,- -, ||£||:7k) . The vector z + e; is only kept, if its
vector of norms d(z + e;) is contained in the halfspace that contains the origin and which is delimited
by the affine hyperplaneT)rthogonal to d(z) and containing the extremity of d(z). This condition can be
captured as d(z - e;) < 0.
Now we can again inductively compute the sets of candidates:

P ={e;|1 < j <k}

P, +1={v+elve @Q,,d(v) -d(ej) <0} forn >1

B, ={veP,|dv)=0}

Qn ={veP,\B,|VselJ,., Bi,v> s}

The algorithm stops when P,, = () and returns |J,_,, B; as the basis.

The calculation can be seen as a dag, where edges go from each vertex representing v to the one
representing v +¢;. If a vector v has distance n to an identity vector, it will also be contained in P,,. Then
two distinct paths leading to the same element occur only due to the fact that v +e; +e; = v + €; +e;.
We can easily exclude one of these versions to create a forest instead of a dag: letv = ».._; e; be a vector
in the graph, then only look at those vectors v + e; where j > max(I). This means, if v is increased at
position 7, then all positions ¢ < j will be fixed from then on.

As an example we calculate the basis of the equation set

T11 T12 T21 T22 T31 I32 T4

1 1 0 0 0 0 -1 =
0 0 1 1 0 0 -1 =
0 0 0 0 1 1 -1 =

since there are many common coefficients, we will solve its injective companion

Ty T2 T3z T4

1 0 0 -1 =
o 1 0 -1 =
0 0 1 -1 =

with 1 = x11 + X192, T2 = To1 + X0 and x3 = x37 + T39 as constraints.
Figure 3.2 shows the resulting forest, where each node is labeled by the vector v and its vector of

norms d(v) and the base node is marked blue.
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The resulting basis consists only of the vector (1,1,1,1), but the basis of our original problem is
considerably larger:

Ti1 Tiz To1 Tz T3 T3z T4 F#

0 1 0 1 0 1 1 b
0 1 0 1 1 0 1 b
0 1 1 0 0 1 1 b3
0 1 1 0 1 0 1 by
1 0 0 1 0 1 1 b5
1 0 0 1 1 0 1 b
1 0 1 0 0 1 1 b
1 0 1 0 1 0 1 bg
(1000) (0100) | | (0010) (0001)
(100) (010) (001) (-1-1-1)
(1001) ©101) | | (0011)
(0-1-1) ¢10-1) | | ¢1-10)

L\

(1101) (1011) (O111)
(00-1) (0-10) (-100)

(1111)
(000)

Figure 3.2: Calculation of a basis via the algorithm of Boudet, Contejean and Devie

3.4 Semantic AC and ACU unification

The basic observation leading to semantic unification was that after AC-unification of a single equation,
the number of symbols in the terms of its lefthand- and righthand side must be the same, where constant
and function terms with a symbol different to f introduce exactly one term (namely themselves) and
variables introduce an arbitrary number of terms (in the case of AC at least one). This relationship can be
expressed as a linear diophantine equation, where the coefficients represent the number of occurrences of
a term and the variable the number of symbols introduced. It is possible to extract a candidate for a unifier
from the solution of an equation. Since the number of symbols alone does not sufficiently characterize a

unifier, a candidate can only be kept if assignments of multiple terms to the same variable can be unified.
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Also an upper bound on the number of introduced symbols can be computed from the equation for a
unifier to be part of a complete minimal set of unifiers, which allows to check only finitely many sets.

The method was first explored in [Sti75, Sti81] and in parallel in [LS76], where the main difference
is that the first approach uses homogeneous diophantine equations and removes more invalid candidates
afterwards, whereas the latter one fixes the count of constants to one and solves an inhomogeneous equa-
tion. Termination of the general case was an unsolved problem for some time, until it was proven nine
years after the first algorithms were stated [Fag84].

Research afterwards was concerned with making the algorithm more effective, since both the calcula-
tion of the basis of a linear diophantine equation and the generation of a unifier from a set of basis vectors
is computationally expensive. Although the decision problem is in NP [KN92], calculation of the min-
imal set of unifiers is at most exponential®> [Pot91]. A lot of effort went into solving linear diophantine
equations more effectively [For87, Lan89]. Some approaches tackled the complexity by incrementally
generating unifiers [Con93,L.C89] and by reducing some common cases to ones which have a canonical
basis, thereby circumventing the need to generate it by an algorithm [LC89].

Much energy was also put into solving systems of equations [AK92, BCD90] which was not only
done for performance reasons but also because in contrast to (J-unification, a most general unifier of
a set of equations can not always be composed of the most general unifiers for each equation in the
set. As a simple example take the problem {ax L by, by L cz} which has the most general unifier
{x <« be,y < ac, z < ab}, but the single equation ax Z by has the most general unifier {z < b,y < a},
in which no variable can be substituted anymore.

Another way to reduce complexity is the restriction to AC-matching [Eke93] i.e. solving only prob-

lems, where the left-hand side of each equation is a variable.

Complexity results

A concise summary of the complexity results is given in [BS01]:
Deciding the general unification problem and the one with constants is NP-complete for both AC and
ACU [KN92]. The elementary unification problem for ACU has a trivial solution mapping each variable

to the unit e and elementary AC unification takes polynomial time [Dom91a].

theory  elementary  constants  general
AC PTIME NPTIME NPTIME
ACU CONSTANT NPTIME NPTIME

Table 3.1: Complexity of the unification problems for AC and ACU

2The author could not find a proof that the problem of finding a minimal complete set of unifiers is harder than NP. We know
that all algorithms using the basis are exponential since the number of bases may be exponential to the number of coefficients of a
problem. Since the unification problem is an existential statement, it is quite possible that finding a minimal solution is in NP but
that finding all minimal ones is harder.
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theory elementary constants general
AC w w w
ACU 1 w w

Table 3.2: Unification type of AC- and ACU-unification

Stickel’s Algorithm

Since many algorithms, including the one implemented for this thesis, extend Stickel’s Algorithm, it will
be given in more detail. The general unification algorithm uses a specialized variant for the variable-only

case, so we define some additional notations and turn our attention the elementary case first:

Definition 3.4.1 (Value of a solution w.r.t. its equation). Let (£,7) be a solution of the equation ¢ z —

dy = 0with ¢ > 0and d > 0. Then its value is defined as

val(§,n) =cE=dn

Elementary Case

. e ? :
Given a unification problem s = ¢ with s = {z{',...,z¢} and t = {y? ... y%»}, calculate the most

general unifiers in the following steps:

1. Translate the terms to a diophantine equation: the multiset notation is already very close to the
equation, since we just take each variable times its multiplicity and sum the products for the left-
hand and the right-hand side. For each logical variable  we denote the integer variable (counting
the symbols introduced by the corresponding logical variable) in the diophantine equation by z’,

the general form can be given as:

Tier+ .t wey —yidi — ... —yd; =0

2. Remove common occurrences of terms: we can simplify the equation if a variable appears on both
sides of the formula by transforming «¢; —y;d; to ;(¢c; —d;) for all indices ¢, j such that z; = y;.
The paper introduces this as a preprocessing step on the term level because for the general case,
different fresh variables are introduced for the same symbol which prevent the simplification of the
diophantine equation. It can also happen, that after simplification, there are no more positive or
negative coefficients. Then the equation has only the trivial solution assigning zero to all variables,

which does not have a corresponding term in AC', but this solution is dropped during the next step.

The equation after this transformation step has possibly less summands and thus is:

16



rier+ .ot ahe, —yidi — ... —yndn =0

withm < kandn < [.

3. Find the basis {f,...,5;} of the linear diophantine equation and assign each basis vector b; a

fresh logical variable z;.

4. Calculate the upper bound for the value of a solution which describes a minimal unifier. Let || = n
and |d| = m, then

bound(c,d) = mazx(n,m) - maz(lem(c;,d;))

with i € {1,...,n} and j € {1,...,m} is such a bound [Sti81], which is relatively generous and

can be refined, but for the purpose of proving the calculation’s finiteness, it suffices.

5. Find all non-negative candidate solutions of the diophantine equation by summing all subsets of
basis vectors. In the case of AC remove every solution with a component equal to zero since it
would require to assign no symbol to a variable; in ACU the unit element will be assigned in step
7.

6. Iterate the list of candidates in ascending value and add only those to the candidates, whose value
does not surpass the bound and which are no linear combination of the candidates already selected.
To make this more formal, let {vfl ooy Ug } be the sorted set of solutions, then Sy = ). Given a set

S;_1 of found solutions, then S; with ¢ < k is defined as follows:>

Si—1 v {vi}  ifval(v;) < bound(c, d) and
S; = there exists no Ay, ..., A1 € Ns.t.v; = Moy + ...+ Av;4

Si_1 otherwise
Then define the set of checked solutions S = Sj,.

7. For every checked solution s € S with the linear combination of s = » ., 3; over the index set

I < {1,...,1}, generate a new unifier in the following way: substitute x,, by a the term represented

by the multiset {z; " @)

i€ I}, withp e {1,...,n} where 7,() again denotes the projection of a
&) i€},
withpe {n +1,...,n + m}. In the case of ACU, when the term is represented by the empty set,

vector to its p** element. In the same way, substitute Yq by a the term represented by {z:T al

assign the unit e.

3For notational purposes, the left out elements were taken into the linear combination. This makes no difference, since if
v = D;cr Ait; for some index set I of non-composable vectors u;, and w = pw + ZjeJ Ajuj for some index set J then it can

also be composed without v since w = gt 37 Atg + ) jeJ Ajuj. Animplementation will certainly only try the non-composable
candidates. o
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8. Asasomewhat cosmetical step, we can reuse removed variables: when a unifier o assigns a variable
z of the original term exactly one basis variable z, we then can rename z to z since  is not a
variable in the domain of o. Thus by replacing o by ¢’ = 0.{2; < z}, the finite representation
of the unifier is shorter. As mentioned, the saving is not substantial because for the purpose of
resolution, variants of the clauses with fresh variables will be produced before trying to unify them.
On the other hand, for a human reader apart from having shorter substitutions, it is much easier to

track a variable through a series of resolution steps.

As an example, we solve the unification problem of f(uvzzzy) Z flvvzyy). After dropping the
common terms, we can solve the simpler problem f(uzz) z f(vy). The corresponding diophantine
equation is v’ +2z’ —v’ —y’ = 0. We calculate the upper bound of values as max(2,2)-maz(1,1,2,2) =

) ) )

4. The basis for it is given in table 3.3 and the non-negative solutions in table 3.4.

u oz vy ‘ variable
1 0 I 0 |2
I 0 0 1 |z
0 1 1 1|2

Table 3.3: Bases of the diophantine equation v’ + 22" —v' — 3y’ =0

v 2’ vy | val(v) variables

T 1 2 1 3 stz
11 1 2 3 stz

2 1 2 2 4 21+ 29 + 23

Table 3.4: Positive solutions to the diophantine equation v’ + 22’ — v’ —y’ =0

Since the three solutions are mutually linearly independent, all three of them generate a different mgu:

cor={um 2,2 23,0 f(2123),y — 23}

o1 can be simplified to {v — f(uz),y — z}

¢ 0y = {u|—>z2,xl—>23,v'—>23,yl—>f(z2z3)}

o9 can be simplified to {v — x,y — f(uz)}
c o3 ={u f(21,22),2 = 23,0 f(2123),y > f(2223)}

o3 can be simplified to {u > f(z1, 22),v — f(z12),y — f(z2z}.

The minimal complete set of unifiers is then {0, 02, 03}.
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General Case

For the general unification problem, we generalize a given term by replacing every constant and function
term starting with a symbol different from f by a fresh variable v;. Since we later want to specialize
our unifiers again, we remember the replacement in the substitution #, which assigns every variable
v; the term it replaced. In the next step, we then solve the elementary unification problem to get a
minimal complete set of unifiers Uy = {oy,...,0r}. Now each substitution o € U may map one of
the abstraction variables v; to a different term than 6 does. Only if those terms can be unified, we can
generate a most general unifier for the general problem. More formally, from an mgu o € Ug and the

abstraction substitution 6, we merge them to the substitution* i, g:

t ifo(z) =z,0(z)=1t
t ifo(z)=t0(z)==x
Hoo(x) = .
ST ifo(z) =s,0(x) =t,s rac t,3IT s.t. sT =11

undefined otherwise

Then define the minimal complete set of unifiers Ug = {p, 0|0 € Ug, pir¢ defined on all variables}. It
should be mentioned that j1, - is not unique because s and ¢ may have multiple unifiers, so it can happen
that |Ug| > |Ug|. This is the reason why it took some time to prove the termination of the algorithm for

the general case, which was accomplished in [Fag84].

3.5 Sets of equations

In [BCDY0] there is a rule based approach similar to [MM82] adopted for equational theories. It separates

equations over mixed theories into smaller equations over pure ones.

Definition 3.5.1 (Pure and proper equations [BCD90]). Let E; be the equational theories over the terms
T(%;,X) with indices ¢ € I and let the combined signature be ¥ = | J,.; X;. Thenaterm ¢ € T(X, X) is

pure in the theory E; if it is a term over the signature of E; i.e. t € T'(X;, X). A non-pure term is called

iel
heterogeneous. An equation s = t is pure in the theory F; if s and ¢ are pure in E; and it is heterogeneous
if at least one of the terms is heterogeneous. The equation s = ¢ is proper if either s or ¢ is not a variable.

A problem set of equations
P=P,uPyguPFPu...uP,

is then divided into subproblems, where
Py ={p|p € P,p is not proper}
Py={p|p € P, there is no E; s.t. p is homogeneous in F;}
P; ={p|p € P, p is homogeneous in E; for some i € I}

4The function g is only a partial function and thus no real substitution. In the construction of Ug we only keep the total
functions, so no harm is done.
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The intention is that 3¢ = {a, b, ¢, ..., f, g, h, ...} contains the theory-free function symbols and that
Y; = {+;} fori > 1 is the signature of AC symbols for different AC theories. Given an algorithm for
each theory FEj;, this algorithm now combines them to solve problems over heterogeneous equations. For

this, the theories are required to be simple:

Definition 3.5.2 (Non-collapsing, regular and simple theory [BCD90]).
An equational theory E is non-collapsing if for no equation x Ztwithze Var(t)andt ¢ X.

An equational theory F is regular if for all equations s Z ¢ also Var(s) = Var(t) holds.

. . ? . .
An equational theory E is simple if for all equations s = t does not have a solution over E when ¢ is a

proper subterm of s.

Definition 3.5.3 (Compound cycle). Let {x; k S1yeevy T Z Sn} be a set of equations with z; €
Var(sy) and z; € Var(s;_1) for 2 < i < n. Itis called a compound cycle, if for two indices k # [ the

terms s, and s; are pure in different theories.

If a theory is simple, then it is also non-collapsing and regular [BCD90]. If all combined theories are
non-collapsing and regular then there are no compound cycles [Yel85, Tid86]. We will later use the fact
that there are no compound cycles and that the theory is non-collapsing.

The rules are defined in the form P > () when from the set P we deduce the set () by one of the rules.
If before the set of equations was .S U P then afterwards it will be S U ). Before we present the rules,

we need to define the occur-check relation and what a dag-solved form is.

Definition 3.5.4 (Occur-check relation [BCD90]). The occur-check relation is defined as x <°%¢ y if

there exists a chain of equations such that

?
z = s1[z1], 1 = s2[z2], ..., 20 = su[y]

where at least one of the s; is not a variable.

Definition 3.5.5 (dag-solved form [BCD90)). Q = {z; = t1,...,2n = t,} is a dag-solved form of a
problem set of equations P if P and () have the same solutions and for all 4, j € {1, ..., n} the following
holds:

1. i # j implies x; # x;

2. x; <% z;in Pimpliesi < j

3. t; € X implies ¢;, z; € Var(P) and z; occurs nowhere else in @)

4. z; € Var(P) or there exists a j < i s.t. z; € Var(P) and x; < ;.

P is in dag-solved form, if P is a dag-solved form of P.
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Now the rules are the following:

VA (Variable Abstraction)

? ?
s=t>Clx1,...,xn] =t, &1 = S1,...Tp, = Sy,
if s is heterogeneous and C[z1, . . . , &, ] is a maximal pure term such that s = C[z1, ..., 2, ]{z1 <
S1,...Zy < Sy} and the z; are fresh variables.

This is the rule which separates a term into pure theories. The example given is that f(z, g(y) +
g(z+u)) = t will be transformed to f(x,v1) = t,v; = g(y)+9g(z+u). Then g(f(g(a,z),z),y) =

’
. ? ? ? :
t will be decomposed to g(v1,y) = t,v1 = f(g(a,z),x) and subsequently to g(v1,y) = t,v; =
?
flve,z),v2 = g(a, ).
E-Res (E-Resolution)

P; > Q; if P; is not in dag-solved form, pure in E; and Q) = {x; z t1, .y Tp < t,} is a dag solved
form of P;.

This is the call to the solver in the pure theory. If there is no unifier, the rule fails. If there is more
than one unifier we have to look at all possible solutions @; € uni fy_pure(P;) where uni fy_pure
denotes the function returning the minimal complete set of unifiers for a pure theory. This is a don’t
know indeterminism which usually makes backtracking necessary.

Clash

s<t> fail

if s is a term with head symbol f and ¢ is a term with head symbol g and f # ¢. This is only
possible because the theories are collapse-free.

Merge

z = S, & ?=t>fail

if s is a term with head symbol f and ¢ is a term with head symbol g and f and g belong to
signatures of different theories. This also is only possible because the theories are collapse-free.
Combined Occur-Check

P > fail

if P contains a compound cycle.

Var-Rep (Variable Replacement)
o=y} U P {z =y} U Pz —y)

if both z and y occur in P and y occurs in the original problem P° or z does not occur in PY.
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* Remove
{z < sfuP»>P
ifze X\Var(P°) and z ¢ Var(s) u Var(P)

A variable assignment can be dropped if the variable is neither present in the original problem nor

in the rest of the equations looked upon and if the assignment does not violate the occurs check.
There are also two rules which are admissible and tailored to AC-unification:

* E-Rep
{w?=s}uP>{x;s}uP{m<—|s}

if P is a pure subproblem with no cycle in its occur-check graph and = € Var(P) and s ¢ X.

. E—Cancelx+s;x+t>s;t

if + € ¥; with¢ > 11i.e. + is an AC operator. This is similar to Stickel’s algorithm which also

drops common variables.

Theorem 3.5.6 (Soundness and completeness of the rules [BCD90]). If from our set of equations P%>, S
we derive an S which is in dag-solved form, it is a most general unifier of P°. Every most general unifier

S is derivable via > in a finite number of steps.

If we now want to solve the equation set {g(u, u,u) = g(f(a, z), f(b,y), f(c, z))}, then we can solve
it by the derivations given in figure 3.3. The steps done by variable abstraction, replacement and removal
are straightforward. The first E-resolution is in the empty theory and just consists of one decomposition
step. The second one will be solved by Stickel’s elementary algorithm, which solves exactly the system
of diophantine equations from chapter 3.3. Assigning the fresh variables z;, . .., zg to the basis vectors,
one solution s can be found as b5 + b3 + by = (1,2,1,2,1,2,3) which can be found manually by the
following assumptions: we know that every component of the solutions must be > 1. Also components
71(s),m3(s) and 75(s) must be equal to 1, since they will be assigned to constants. Because these
constants are different, each component vector v with 7; (v) = 1 must have 73(v) = 0 and 75(v) = 0
(and vice versa for the positions 3 and 5). Taking this into account, the solution bs + bz + b is soon found.
In the end, we have finally found one of our most general unifiers {uv < f(a,b,c),z < f(b,c),y «

fla,c),z < f(a,b)} and leave it as an exercise to show it is the only one.
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{g(uauau) = g(f(a7$)7f(b7 y),f(c,z))}

VA {g(u,u,u) = g(vi,va,v3),01 = fla,z),vs = f(b,y),vs = f(c,2)}
>E—Res  {U1 = u,v2 =u,v3 =u,vy = fa,x),vs = f(b,y),'vg = f(c,2)}
>Var—Rep {Ul =Uu,V2 = U,V3 =U,U = f((l :L‘) Vg = f(b y) f(c> Z)}
>Var—Rep {Ul =Uu,v2 =UuU,v3 =U,u = ( ) (b y) f(C Z)}
>Var—Rep {Ul =Uu,v2 =UuU,Vv3 =U,u = (a l’) U—f(b y) U—f(C Z)}

> Remove {UQ =Uu,vs =’U,,’U,=f((l,.’17) f(b y) u_f(c Z)}
> Remove {U?) =u,u=f(a,;v),u=f(b,y),u=f(c,z)}
> Remove {U = ( ) = f(bay)au = f(ca Z)}

VA {u= (1’47 ), u f(b y),u = f(c,z),vs = a}

>VA {U = (U4 ) ('Uo,y) f(C, Z),’U4 =a,v; = b}

VA {u=f(vg,2),u = f(vs,y),u = f(vs, 2),v4 = a,vs = b,vs = ¢}
>FE—TRes {u = f(zs, Z3,Z>) vy = 25,8 = f(23,22),05 = 23,y = f(25, 22),

vg = 22,2 = f(25,23),04 = a,vs = b,vg = ¢}
Var—Rep U= f(25,23,22),v4 = 25,2 = f(23,22),05 = 23,y = f(25, 22),
Vg = 22,2 = f(Z5,Z3) 25 = a,vs = b,vg = ¢}

> Remove {U_ (2572’3,2’2) (2’3,22),7)5 —ZBaI'J—f(ZEnZz),Ue =22,Z=f(2‘5,2’3)72’5 =a,vs = b,vg =
>Var—Rep {u=f(z5,23,22),0 = f(23,22),v5 = 23,y = f(25,22),06 = 22,2 = f(25,23),25 = a,23 = b, s
>Remove (U = f(25,23,22), 0 = f(23,22),y = f(25,22),06 = 20,2 = f(25,23),25 = a,23 = b,vg = ¢}
Var—Rep U= f(25,23,22),0 = f(23,22),y = f(25,22),06 = 20,2 = f(25,23),25 = a,23 = b, 20 = ¢}

> Remove {U’_ (2'5,2,’3,22), f(23,22),y=f(z5,22),z—f(25,23) 25 = Q,z3 _b 22 —C}

Var—Rep U= f(a,23,22), 2 = f(23,22),y = fa,22),2 = f(a,23),25 = a,23 = b,22 = ¢}

>Remove (U = f(a,23,22),x = f(23,22),y = f(a,22),2 = f(a, 23) 23 =b,29 = c}

>Var—Rep {u = (a b 22) f(ba Z2) Y= f(aa Z2)7Z = f(a7 b) b R2 = C}

> Remove {U - (a b 22) f(ba Z2) Yy = f(aaz2)az = f(a,b),zz = C}

>Var—Rep {U’ = (a, ) f(ba () Yy = f(a‘a ()72 = f(a’a b): 22 = C}

> Remove {U_ (a7 7C) a:—f(b,c),y:f(a,c),z:f(a,b)}

Figure 3.3: Rule application to get a solution of {g(u,u,u) = g(f(a,x), f(b,y), f(c,2))}
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CHAPTER 4

Deduction Modulo

<

Sir Bedevere: “...Exactly. So, logically...”
Peasant: “If she weighed the same as a duck... she’s made of wood.”
Sir Bedevere: “And therefore...”

Peasant: “...A witch!”

Monty Python - Knights of the Holy Grail

4.1 Deduction Modulo

The original paper [DHKO03] on deduction modulo presents both a sequent calculus and a resolution
calculus modulo an equational theory and rewrite rules on terms £ and a rewriting system R on propo-
sitional formulas. In Sequent Calculus modulo, the rules of ordinary LK are changed, such that the
principal formula in an inference step only needs to be equal modulo the theory. To express resolution
modulo, equational resolution is complemented by the Extended Narrowing rule, which handles rewriting
of propositional formulas. The name of this calculus is Extended Narrowing and Resolution (ENAR).

To define the notion of equality modulo RE we stick close to Dowek’s [DHKO03]:

Definition 4.1.1. A term rewrite rule is of the form | — r, where [ and r are terms and all variables of
r are also in [. An equational axiom is a pair of terms [ = r.

A proposition rewrite rule is of the form [ — r where [ and r are propositional formulas and
additionally ! is atomic.

A class rewrite system RE consists of a set R of proposition rewrite rules and a set £ of equational

axioms and rewrite rules on terms.

Definition 4.1.2 (R-rewriting). Given arewrite system R, P —x P'if P, = o(l) and P’ = P[o(r)].,

for arule | — r € R with a substitution ¢ at position w.

Definition 4.1.3 (RE-rewriting). Given a rewrite system R, P —ge P'if P ~¢ Q, Q), = o(l) and

P’ ~¢ Q[o(r)], forarule ! — r € R with a substitution ¢ at position w.
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Definition 4.1.4 (RE-equality). If P ~z¢ @, then either P =¢ Q or P «—7% . () (Where «—7, - is the

reflexive, symmetric and transitive closure of —¢).

A common example given for a class rewrite system is the term equality £ = ACU together with the
propositional rewrite system R = {x x y =0 — 2z =0vy =0}. Thenz + (0 + y) x (a + ) ~re
z+y =0 vz +a=0holds by the following derivation:

(x+(0+y) x(a+x)=0

—e (z+(@+0) x(a+z)=0
—¢ (z+y) x(at+z)=0
—p z+y=0va+x=0
—g z+y=0vzr+a=0

4.2 Sequent Calculus modulo

—_ I
Pi-re@Q Rb-re
axiom introduction (P ~gr¢e Q) bottom introduction (R ~g¢ L)
I, PHreAr Dy Fre@, Ao cut
T, T2 FreAr, Ay
cut (P ~pe Q)
el IQ1,Q2 FreA I'reQ1,Q2A or
" T,PrreA T HreP, A
contraction (P ~re Q1 ~re Q2)
I'reA I'reA
w,l ——————— —_— w,T
[,PhRreA I'reP A
weakening

Figure 4.1: Introduction- and structural rules of Sequent Calculus modulo, equivalent to [DHKO03]

Sequent Calculus modulo is similar to Gentzen’s original Sequent Calculus, but active formulas only
need to be equal modulo ~%¢. The usual presentation is given in [DHKO3], for our purposes, a calculus
with multiplicative binary rules and introduction rules without context is easier to handle. Instead of
having a permutation rule, sequents are defined as a pair of multisets of formulas, the antecedent and the

succedent separated by the derivation symbol x¢. The rules can be found in figure 4.2 and 4.2. We
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[P,Q FreA ' FreP, Ay [y Fre@, Ay
/\,l = X s T
[ R FreA [, Ty FreR, Ar, Ay
conjunction (R ~gre P A Q)
y I, Prels Iy, @ Frelo ['reP,Q,A
’ F17F27R}_R5A17A2 Fl_RSRyA
disjunction (R ~#re P v Q)
I FreP, Ay [y, Q Frels [P re@, A
' [, o, REreAr, As I'reR,A
implication (R ~re P = Q)
I'reP, A [P EreA
[,RireA I reR,A

negation (R ~gg —P)

[ {t/z}Q FreA

I'Frefv/z}Q, A

v,1l v,r
[P FreA ['reP, A
universal quantification (P ~gr¢ Vz Q and v is a fresh free variable )
21 L, {?)/.Z'}Q FreA 1, Fl_Rf{t/x}QaA

[PFgreA I'reP, A

existential quantification (P ~g¢ 32 Q and v is a fresh free variable )

Figure 4.2: Logical rules of Sequent Calculus modulo, equivalent to [DHKO03]

write -rg P Hre @ if the sequent P g @ is provable via the rules. Similar to theory-free sequent
calculus, every rule has some context formulas which do not change and one or two auxiliary formulas in
the upper sequent(s) which are transformed to the principal formula in the lower sequent.

The translation to the Dowek et al.’s calculus can be done via a series of weakenings for every multi-
plicative and introduction rule. We also choose to introduce Eigenvariables instead of fresh constants in
the V, r and 3, rule.

Sometimes we will need to refer to a specific formula in a sequent or to a specific sequent in a proof.
These are called formula-occurrence and sequent-occurrence respectively. For the thesis, the occurrence
is sufficient, but if we wanted to change occurrences, we could define formula-occurrences as indices in
the antecedent or succedent set and define sequent-occurrences as a list of arcs to follow from the root of
the derivation tree.

For rewrite systems in which cut-elimination is possible, Dowek et. al. proved the equivalence to a

compatible theory in plain first order logic:
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Definition 4.2.1. A theory 7 and a class rewrite system RE are compatible if P ~rg () implies T

P < @ and for every proposition P in T, we have gg P.
Theorem 4.2.2. For every class rewrite system RE there exists a compatible theory 7.

Proof. given in [DHKO3]:

For each term rewrite rule | — 7 and term equality ! = r add the axiom
VZl=r

where T are the free variables in [ and r. For each proposition rewrite rule [ — r add the axiom
Veler

where ¥ are the free variables in / and r. O

The above formulation is also possible in a sequent calculus without an equality predicate, but this one
is shorter. Please notice that our formulation of sequent calculus modulo does not automatically have an
equality predicate, since a paramodulation would need to be added to resolution. Modeling all equalities
in the underlying class rewrite system is not feasible, because adding rules changes some basic properties

of the system. For instance confluence and termination need to be proven anew, if they still hold.

Theorem 4.2.3 (equivalence of — and grg). For a given class rewrite system RE and a compatible
theory 7,

T,I' - Aifand only if I" gg A
Proof. Given in [DHKO3]. O

The proof uses the fact that every rule in sequent calculus modulo can be described as an application
of the theory-free rule of sequent calculus with an added step which proves the theory equivalence of the
principal formula from the axioms in 7. This leads also to an alternative formulation of sequent calculus
modulo, in which sequent calculus is only extended by the conversion rules given in figure 4.3. Amongst

others, this version is used in [Her10].

L PrredA LrreP A
F)Q }_’RSA ’ Fl_RSQaA
Pr~gre Q Prre Q

Figure 4.3: Conversion rules to introduce deduction modulo into theory-free sequent calculus
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4.3 Extended Narrowing and Resolution

ENAR is a constrained resolution calculus, which means that in contrast to eagerly applying the most
general unifier like in equational resolution [Plo72], a list of £-equalities, under which a clause set is
valid is kept. If there is a solution, solving the equalities yields at least one mgu which needs to be
applied to the resolution proof.

The usual clause set transformation rules are used to bring a formula into clause form; in the same step
skolemization is achieved. For this reason, the strongly quantified variables have to be added as a label to
a formula during the application of the rewrite rules given in figure 4.4. Because skolemization removes
weakly quantified variables, the label contains exactly the free variables of a formula. Notationally, the
label is added as superscript to the formula. Labels need to be taken taken into account during substitution
and for RE-equality; since a substitution # can change the free variables in a formula P’, the label I’ of
OP" must be updated to the free variables of #P. Similarly, for the labeled propositions P! to be &£-
equivalent or to R-rewrite one the labeled proposition and Qv requires that the free variables do not
change, i.e. P ~¢ Q or P — 5 @ must be fulfilled and [ = I’

Like in theory-free resolution, a literal is either an atomic proposition or a negated one and the sym-
bol O denotes the empty clauseset. We also introduce some shortcut notations: for a proposition P!, a set
of propositions 1 and a set of sets of propositions ®, the set unions ¢» U {P'} and ® U {1} will be written

as 1, P! and ®, ) respectively.

,(,(P AQ)) — &,(y, P), (¢ ( Q")
,(,(PvQ)) ,PLQY
) 7(P = Q)l ) a(_'P) l)

B K D D K K
O O O O O

W
®,(
— (I),UJ
Yz P)) — ®,(¢, Pb%), where z is a fresh variable
JxP)¥r¥n ) — B, (¢, P{x < f(y1,...,yn) YY), where f is a fresh function symbol
—(PAQ))) — &, (—=P),(—Q))
=(PvQ)) — &, —P),(4,=Q)
(=(P=Q))') — 2,4, P, (-Q)")

(
7(
(
(

A S) _'-L)l ) — @

) 7_'_'Pl ) - (I),Pl

, (Y, = (Ve P)Vr¥n ) — @, (¢, (= P{x <« f(yi,...,yn)})¥¥"), where f is a fresh function symbol
,(,(3zP)) —s ®(1p, (—P)"?), where z is a fresh variable

Figure 4.4: Clause set transformation rules for ENAR

Since deduction modulo allows to rewrite (propositional) formulas, there is no direct semantics of
ENAR like for equational resolution'. Instead equivalence to sequent calculus modulo is shown. The
confluence of the rewrite relation — ¢ is a necessary ingredient in the soundness and completeness

proofs of ENAR, which can be seen as the condition that rewriting is in some sense deterministic. In-

IThere it is shown that it suffices to use the factor algebra on terms induced by the equality relation instead of the original term
algebra.
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Resolution

{P1,..., P, Q1,....,Qmn}[€1] {=Ry,...,—Rp,51,...,5;}[%2]
{Ql,...,Qm,Sl,...,Sq}[cgl chg v {Pl g ... Rg Pn X Sl g ... Rg Sq}]

Extended Narrowing

Ul¢]
U'le v{Ul, ~¢ l}]

ifl — r € R, U|,, atomic proposition and U’ € cl({U][r].})

Figure 4.5: Rules of ENAR

terestingly, termination is not necessary for the proofs, although non-terminating rewrite systems are not

well suited for automation.

Theorem 4.3.1 (ENAR Soundness). Let RE be a class rewrite system with a confluent RE-rewrite rela-
tion —> g ¢. If there exists an ENAR refutation cl (¢, —t)[0] iy O[] with £-unifiable constraints %,
then there exists a LK modulo proof of ¢ x¢ .

Proof. Given in [DHKO3]. O

Theorem 4.3.2 (ENAR Completeness). Let RE be a class rewrite system with a confluent RE-rewrite re-
lation —> ¢ . If there exists a cut-free proof of ¢ x¢ 1), then there is an ENAR refutation cl(¢, —))[0] "g
0O[%] with £-unifiable constraints %'

Proof. Given in [DHKO3]. O
There is also a stronger completeness result by Hermant:

Theorem 4.3.3 (ENAR soundness w.r.t cut-free sequent calculus modulo). Let RE be a class rewrite
system with a confluent RE-rewrite relation — % ¢. If there exists an ENAR refutation ¢l (¢, —1)[0] ioss
0O[%] with £-unifiable constraints %, then there exists a cut-free LK modulo proof of ¢ rg .

Proof. Given in [Her10]. O

4.4 Cut-Elimination

The elimination of the cut rule in sequent calculus modulo cannot be shown in general, for instance one
could try to formalize naive set theory by rewrite rules and yield a proof where cut is not admissible:
[DowO01]
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Naive set theory? allows the description of sets via the comprehensions scheme
VZyVz((z e y) & P)

for arbitrary propositions P with the variables = and z being free in P and y not occurring in P. Its

skolemization is called the conversion scheme:
VZVz((z € fz,.,p(T))  P)

If we abstract f over the variables Z, we can write fz ., p(T) prettier as {z|P}. The conversion scheme

now has the form

VEVz(z €{z| P} < P)

It is also possible to restrict z to be an element of some set A in the conversion scheme:

ViVz(z €{z € A|P} & P)
A possible rewrite rule for restricted conversion would look like the following:
te{ze AP} — A A P[t/z]
Now, Crabbé’s proposition, a variant of Russel’s paradox [Rus96, §100]:
{zeAlx¢xte{reAlxd¢x}
rewrites to
{zeAlr¢ate Ar—{zecAlr¢z}e{xellré¢ua}

which on one hand shows non-termination of the conversion rewrite rule and on the other hand gives rise
to a propositional sequent calculus modulo proof containing a cut which can not be eliminated. Let C
denote Crabbé’s proposition and B stand for {z € A|z ¢ =} € A, then our concrete instance of conversion
can be formulated as the rule C — B A —C'. Using this rule the following proof of -x¢ —B has no

cut-free proof:

A}*RgA
—_—— w,l
A,B FreA -1
A,B,ﬁA}*Rg /\’l AI*REA w.l
A Abgre ’ A, BrEreA !
A}—'Rg _'7,7‘ A,B7"A FRre /\,l
BlreB Fre—A al A AbRre el ’
BiRreA ’ AbFRe cu;
Bbre _
Fre—B

2Naive set theory is contradictory — we will use a variant of one of the best known counterexamples, Russel’s paradox, to show
the non-termination of the rewrite system. In [DWO03] there is also a counterexample to cut-elimination for a confluent, terminating
rewrite system, but the proof uses the encoding of proofs in typed lambda calculus introduced in the paper, so we will stick to this
one.
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For a similar proof in natural deduction, there are direct proofs [Ekm94, Hal83] of non-admissibility
of cut-elimination. In our case, we can easily check that there is no ENAR proof of —B, since neither
the extended resolution rule nor the extended narrowing rule is applicable. Since ENAR corresponds to
the cut-free segment of sequent calculus modulo, there also exists no cut-free proof in sequent calculus
modulo.

For the rules of simple type theory, confluent and terminating quantifier free rewrite systems and
what is most important for this work, also for congruences on terms, G. Dowek and B. Werner proved
that cut-elimination holds. [DW03]

Resolution Proofs in Sequent Calculus modulo

A sequent containing only atomic formulas can be interpreted as a clause with the formulas in the an-
tecedent corresponding to the negative literals and those in the succedent corresponding to the positive
literals. The extended resolution rule can be simulated in sequent calculus modulo by contracting all the
positive and negative clauses and then introducing a cut over the remaining positive and negative literal.
Since the extended narrowing rule can rewrite to a non-atomic formula, the sequent needs to be brought
into clause form again. This is one of the causes why we restrict ourselves to equalities on terms only.
Another important detail is that we have to solve the final set of term constraints to yield a (most general)
unifier o which needs to be applied to the proof to gain an instantiation of the terms resolved over. This is
not yet a ground proof, since unification may leave free variables in the terms. We can solve this by intro-
ducing a substitution 7 which maps each variable to a fresh constant. Let § = o7 the ground substitution,
then we can translate each resolution step as can be seen in figure 4.6. Since 6 is a mgu for the formulas
resolved over, the contractions are sound. Subsequently, 6 is a mgu for both positive and negative literals,

so the condition P; ~y¢ R; holds and the cut rule is applicable.

{Pla---;Plea"-an}[%l] {_'Rlv'"7_'va517"'18’11}[%2]
{Ql;---;mesly---;Sq}[%l U%g U{Pl Xg Pn xe R1 g ... R¢g Rp}]

U

Q_0trePib,...,P0,Q.06 . Ri6,...,Rp0,5_6 FreS.0 .
Q 6+rePi6,Q .0 R10,5_0 relS. 0
Q_6,5_61+12:Q.0,5,6
Q0.5 0+reQ.0,5,:6

Figure 4.6: Translation of a resolution step to sequent calculus modulo

cut

¢, lr

In the end, deriving the empty clause in ENAR corresponds to deriving the the empty sequent i.e. the

most simple contradiction in sequent calculus modulo.
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CHAPTER B

Cut-elimination Modulo

Besides it is an error to believe that rigor in the proof is the enemy of simplicity. On the contrary we find
it confirmed by numerous examples that the rigorous method is at the same time the simpler and the

more easily comprehended.
David Hilbert

5.1 CERES

Since the actual algorithm of CERES modulo is very close to the original CERES method, most of the
definitions would be a repetition with small changes. Instead, we here give an overview of how the

method works. It consists of four steps:

1. Skolemization of the proof
During the construction of the proof projections in step 4, additional variables may turn up in a
sequent. To prevent capture of eigenvariables, the proof will be skolemized. In some cases, the

skolem terms can be also given a mathematical interpretation [BHL " 08].

2. Cut-transformation to tautologies via T¢,
This transformation replaces cut rules by implication rules on the left, which add tautologies to
the antecedent of the conclusion. We now have a cut-free proof with additional formulas in the
end-sequent, which will be removed in step 4. Newer formulations of CERES do not use this
(somehow artificial) transformation anymore, because it is only present to ease the reasoning about
the method but the same characteristic clause set can be constructed with only small modifications

to the definitions in step 3.

3. Construction of the characteristic clause set and refutation of it
Since our formulation of sequent calculus does not allow a context in the axiom rules and we
can restrict ourselves to the introduction of atom formulas, the sequent of an axiom rule directly

corresponds to a clause set. We now follow all formulas going into a tautology in the end-sequent up
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to the axiom rule in which they were introduced and construct the so called characteristic clause set
from them which still proves the tautology in the end-sequent. Since a tautology in the antecedent
of a sequent means that this formula is unsatisfiable, we construct a resolution refutation instead of

a sequent calculus proof.

4. Constructing the projections and completing the resolution proof with it
In the last step, we construct a proof of the end-sequent with one of the clauses from the charac-
teristic clause set as additional formula, the so called projection of the proof to a clause. Then we
repeat the resolution refutation from step 3 with the projections. The simulation of a resolution rule
in sequent calculus again introduces atomic cuts, but these are much easier to eliminate, so con-
structing a proof in this so called atomic cut normal form (ACNF) is sufficient for our cause. Even
with the elimination of the atomic cuts, the CERES method has a lower computational complexity

than reductive cut-elimination [BLOO].

5.2 CERES modulo

Definitions

For the formulation of CERES modulo, we need some additional definitions.

Definition 5.2.1 (Merging of Sequents). For two sequents S; : P re Q and Ss : R e T, S1 0S5 is
defined as P, R xre Q,T.

Definition 5.2.2 (Merging of Sets of Sequents). For two sets of sequents Ly : {Sy,...S,} and S :
{T,..., T}, S1 ® Sy isdefined as {S; o Tj|1 < i <n,1 <j<m}.

Definition 5.2.3 (Ancestor Relation).

An axiom has no immediate ancestor. For unary rules, let A denote the sequent occurrence of a consequent
of the sequent occurrence p. If a is the occurrence of the principal formula in A and f is the occurrence
of the auxiliary formula in g, then 3 is an immediate ancestor of . If «v is a formula occurrence of the
context of A, then its occurrence [ in the context of 4 is also an ancestor of «.

For binary rules, let A denote the sequent occurrence of a consequent of the sequent occurrences
p1 and po. If a is the occurrence of the principal formula in A and $; and S, are the occurrences of
the auxiliary formulas in p; and pe, then 81 and (o are immediate ancestors of a. If a is a formula
occurrence of the context of \, then its occurrences 57 and 5 in the context of y are also ancestors of a.

The ancestor relation is the reflexive, transitive closure over the immediate ancestor relation.

Since we always define all the auxiliary formulas of a rule as immediate ancestors, we notice that a
rule can either only work on ancestors or only work on non-ancestor of a formula. This will simplify the

case distinctions on proofs concerning the ancestor relation in sequent calculus proofs.
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Definition 5.2.4 (ancestor and non-ancestor function). The ancestor function anc(\, ) returns the sub-
sequent containing exactly those formulas of the sequent occurrence A, which are in ancestor relation to
the formula occurrence a.

The non-ancestor function anc(\, a) returns the subsequent containing exactly those formulas of the

sequent occurrence A, which are not in ancestor relation to the formula occurrence «.

From the definition it is easy to see that if S is the sequent denoted by the sequent occurrence A,

anc(a, \) o anc(a, A) = S for any formula occurrence .

Example

To give an example how ancestors are denoted, we formulate a simple proof that for all z, z + 4 is an
even number(figure 5.1). To denote an even number, the predicate E is used, the function symbol + is
considered to be associative, commutative and having a the unit element 0, so our congruence £ = ACU

and R = (). The ancestors of the formula C'F" are colored blue.

shorthand notation: CF = VaVy(E(z +y) = E((x + 1) + (y + 1)))

Bty FreBx+y)  E(l@+1)+y+1)Frel((z+1)+(y+1))
E@+y)=E(z+1)+y+1),E@+y FreL((z+1)+(y+1))
Ve(E(x) = E(x+(1+1),E(x+y) FreE((x +1) + (y + 1))
Ve(E(z)=>E(x+ 1+ 1) FreE(xz+y)=E(z+1)+ (y+1))
Vo(E(z) = E(x 4+ (1+1))) FreVy(E(z +y) = E((z + 1) + (y +1)))
Vo(E(z) = E(z + (1 +1))) FreVaVy(E(z +y) = E((z + 1) + (y +1)))
(p1)

=1

’

=, T

’

)

E(c+c¢)FreE(c+c) E((c4+c¢)+(1+1) FreE(c+ (14 (14¢)))
E(c+c),E(c+c)=E((c+c)+(1+1)) FreE(c+(1+(1+¢)))
E(c+c),Vy(E(c+y) = E((c+y)+(1+1)) FreE(c+ (14 (1+¢)))
E(c+e¢),VaVy(E(x +y) = E((z+ 1)+ (y+ 1)) FreE(c+ (1+ (1 +¢)))
(p2)

(p1) (p2)
Vo(E(z) = E(x + (1+1))) breCF E(c+¢),CF FreE(c+ (1 + (1 +¢)))
E(c+c),Ve(E(x) = E(x+(1+1))) FreE(c+ 1+ (1+¢)))

Figure 5.1: Example for the ancestor relation

=,1

’

v,1

cut

Since we will make proofs by induction, we will need a measure for the complexity of a formula. Its

analogon for sequent calculus proofs is called the depth of a proof.
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Definition 5.2.5 (Complexity of a formula). If A is an atom formula, its complexity is 1. Suppose A
and B are formulas of complexity n and m respectively. Then the complexity of —A is n + 1 and the

complexity of Ao B foro € {A,v,=}is max(n,m) + 1.

Definition 5.2.6 (Depth of a proof). An axiom introduction occurs at depth 1. Let p; and ps be proofs of
depth n and m respectively. Then the complexity of the proof 7 applying a unary rule to p; is n + 1 and

the complexity of the proof 7’ applying a binary rule to p; and p» is maz(n,m) + 1.

Also the usual way of bringing a formula into prenex normal form before bringing it into skolem
normal form makes the recognition of the mathematical arguments used harder. So we use structural
skolemization instead, which replaces quantifiers at their original position. The notions of polarity and
weak/strong quantifiers is then used to refer to quantifiers which would become existential or universal

during prenex normal form transformation.

Definition 5.2.7 (Polarity [BL0OO]). The polarity of the occurrence of a formula A in a formula B is
either positive or negative. If A = B it is positive. If B has the shape F' v G, F' A G, VzF or 3F and the
polarity of X in F' or GG is positive (negative), then the polarity of A\ in B is still positive (negative). For
B = F = @, if X occurs positively (negatively) in G, the polarity stays the same in B, but if A occurs
positively (negatively) in F', polarities switch i.e. A occurs negatively (positively) in B. If B = —F' and

A occurs positively (negatively) in F, it occurs negatively (positively) in B.

Definition 5.2.8 (Weak and strong quantifiers, [BLOO]).
If (V) occurs positively (negatively) in a formula F', then (Vz) is a strong (weak) quantifier.

If (3z) occurs positively (negatively) in a formula F', then (3z) is a weak (strong) quantifier.

From now on we assume we do not have < as a logical symbol(which is not present in our formula-
tion of sequent calculus modulo anyway), since then polarity can become ambiguous for some formula

occurrence. As an example take the formula

F = (VzP(x) = 3yQ(y)) A (3yQy) = VeP(z)

where the first occurrence of (V) is weak and the second one is strong. But also F' = Y2 P(z) < JyQ(y)
where for consistency reasons, (Vz) would need to be both weak and strong. A simple solution is to
replace every formula A < B by (A = B) A (B = A), since they are logically equivalent. This leaves
each occurrence of a quantifier to be either weak or strong in a formula.

Another source of problems is overbinding of variables which may destroy eigenvariable conditions
if not handled properly. The easiest way is to give variables of the same name in different biding contexts

a unique one. A formula where all quantified variables are unique is called rectified.

Definition 5.2.9 (rectified formula, [LF05]). A formula A is rectified if the following property is fulfilled:
if By ®@Bs (for ® € {A, v,=,<}) is a subformula of A and a variable = occurs bound in B; (Bs), then

x does not occur in Bs (B).
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Additionally, the eigenvariables eliminated in the strong quantifier introduction rules in sequent cal-
culus may have the same name on different branches of the proof tree. A regular proof then has unique

eigenvariables in each branch.

Definition 5.2.10 (Regular proof [BL00]). A sequent calculus (modulo) proof is called regular if eigen-
variables eliminated on different branches of the proof tree are different. More formally: Let ¢ be a

subproof of an LK-proof of the form

(¢1) (¢1)
Iy Frely Ty FreAs X
S : F17F2 I_RfAlaAQ

where X is a binary rule. Let V1 (V2) be the set of eigenvariables occurring in ¢, (¢2) but not in S.

Then ¢ is called regular if V1 n V2 = (). A proof is called regular if all its subproofs are regular.

In the following, we will restrict ourselves to proofs of an end-sequent with rectified formulas and to

regular proofs, which makes handling of overbinding considerably easier in our considerations.

Definition 5.2.11 (scope of quantifiers [BELO1]). Let A be a rectified formula without <>, and F' : (Qz)G
be a subformula of A. Then for every subformula (Q'y)H of G, we define (Qz) <4 (Q'y); in this case
we say (Q'y) is in the scope of (Qz).

The order < 4 is not total since for instance in the formula (Yz A(z)) A (VyB(y)), « and y are incom-
parable. The order < 4 can be completed to a total order < 4 by additionally defining (Qz) <4 (Qy) for
all subformulas G : By ® B; of a formula F for any variable 2 bound in By and any variable y bound in
Bs. If (Qx) < (Qy), we can say that (Qx) is left of (Qy). Since a formula contains only a finite number

of quantifiers, there also exists a least element regarding scope, which is called the leftmost quantifier.

Definition 5.2.12 (Dominated quantifier). Let a be an occurrence of the formula F' containing the quan-
tifier () which is an ancestor of an occurrence of the formula G and let (Qy) be a quantifier in G which
is notin F'. Then (Qy) is said to dominates (Qx).

This definition corresponds to definition 5.2.11 of the scope relation on quantifiers: the quantifier
(Qz) is in the scope of (Qy) if and only if the introduction rule for (Qz) is further below in the proof
than the introduction of (Qy).

Skolemization of Proofs

To skolemize a formula F', we use the same transformation as in theory-free predicate logic. Since we

want to preserve the validity of a formula, we need to eliminate all occurrences of a strong quantifier in
F!

IRefutation al calculi like resolution need to preserve satisfiability instead; in this case we need to eliminate the weak quantifiers
in F.
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Definition 5.2.13 (Structural skolemization [BL99]). The function sk maps closed formulas into closed

formulas. It is defined by:

F if F does not contain strong quantifiers
sk(Fioniy < O} if (Qy) is not in the scope of a weak quantifier
sk(Fiopiy < f(@1,...,2,)}) if (Qy) is in the scope of the weak

quantifiers (Q121) <p ... <p (Qnty)

sk(F) =

where f is a fresh function symbol and f() is a treated as a constant.

Fgy) is identical to F' with the quantor (Qy) dropped.

This definition is only sensible for rectified formulas since otherwise a variable may be captured by a
surrounding quantifier for the same variable name and also applying the substitution of the skolem term
to the whole formula only works if there is no variable of the same name in a different binding context.

Even though the definition eliminates quantifiers individually, the steps are independent of each other
and we may thus eliminate them in parallel in practice, although for argumentational purposes it is easier
to assume that the quantifiers are eliminated from left to right. Since we work in the presence of equational
theories we should note that a fresh constant or function symbol may also not be introduced by the theory.
Since the name of the skolem symbols is non-deterministic, sk(F') is no function. We can remedy this by
introducing the same skolem symbol for the same variable. From now we will assume that sk(F’) does
this consistent renaming.

In classical logic, skolemization is validity preserving i.e. - F' if and only if - sk(F") for all formulas
F, although we are mainly interested in the only-if part of the equality. Also in [BL99] a method to trans-
form a sequent calculus proof of F' into a proof of sk(F') was given. It works by recursively eliminating
only those strong quantifiers which appear in the end-sequent.

First we define, how a skolemized (end-)sequent should look like:

Definition 5.2.14 (Skolemization of a sequent). Let T' = (Fy A ... A F,)) = (Gy v ... v Gy,) be
the formula corresponding to the sequent S : Fy,...,F, Fre G1,...,Gp and (F{ A ... A E}) =
(G} v ... v G, be the skolemization sk(F'). Then Fy,...,F; re G1,...,G", is the skolemization
of S.

Then an occurrence of a strong quantifier is eliminated in the following way: let p be the subproof
in figure 5.2 (the argumentation for 3,1 is the same) of a larger proof = where (Qy)P is an ancestor of
a formula F' in the end-sequent in which (Qy) occurs strongly and where (Qy)P is dominated by the
weak quantifiers (Q121), - .., (Qnxy). Also let the variables x1, . . ., z, replace the terms ¢1,...,t, in
their respective quantifier introduction rules in 7. Then the introduction rule of (Qy) which replaces the
eigenvariable v can be left out by substituting f(¢1,...,t,) for both y and v. Since our proof is regular
and the end-sequent is rectified, we can apply the substitution on the whole proof p. The inferences

below the skipped introduction rule can still be repeated like they appear in p. During this process the
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introduction rules for the weak quantifiers will successively replace the terms ¢4, . . . , £,, by variables until
after the last one eliminated, the term f(z1,...,x,) has taken the role of y in the proof. This is exactly

the substitution that would be applied to the end-sequent during its skolemization.

(p)
TERA (pfv — fltr,-- - ta)})
FF_VyFaA o F}_F{va(tlaatn)}aA

where v is the eigenvariable replaced by the introduction of y

Figure 5.2: Elimination of a strong quantifier during skolemization

To allow equational inferences, we add the conversion rules (figure 4.3) to theory-free sequent calcu-

lus and show that it may be still applied if the active formula is skolemized.

[,PHA l Lsk(P)FA
T.Qra = Lsk(QFA
where P ~r¢e Q where sk(P) ~re sk(Q)

Figure 5.3: Substitutivity of the equational conversion rules

Since by definition 5.2.13 the quantifiers are recursively eliminated one by one and we assume that
sk(F) is a function, we will prove P ~¢ @ implies sk(P) ~¢ sk(Q) by induction on the number of
strong quantifiers and assume the quantifiers are eliminated from left to right. The task becomes also
easier since only equational inferences on terms are allowed and thus P and () have the same logical
structure and only differ on the term level.

We also remember that we assume the proof to be regular and that the end-sequent is rectified. Then
a strongly quantified variable only occurs in the subtree above to the introduction allowing us to apply

substitutions for eigenvariables to the whole proof.
* There is no strong quantifier in F'. Then sk(F') = F and the proof 7 is also its skolemization.

* The strong quantifier (Qy) which is in the scope of the weak quantifiers (Q1z1),...(Qnz,) is
eliminated. The argumentation for the usual rules of sequent calculus are given in [BL99], so we
only need to argument, why the skolemization does destroy neither soundness nor completeness of

the conversion rules.
For this we need to prove that if P ~re @, thenalso P, {y < f(t1,-.-,tn)} ~re Qoy){y <

f(t1,...,t,)} where ty,...,t, are the terms eliminated down in the proof by the quantifier intro-

duction rules for Q,zy,...,Q,x,.> A propositional rewrite rule could introduce a strong quanti-

2This is not entirely exact, since we will substitute partially instantiated skolem terms which will only become the final skolem
term f (ml ey acn) in the end. Luckily, the argumentation does not depend on the terms substituted.
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fier, so it is important here that we assume R to be empty. We then only need that to show that
P g Q implies P(Qy){y <« f(tl, . ,tn)} X Q(Qy){y <« f(tl, . ,tn)}.
Now we prove P ~¢ Q implies Pg,)0 ~¢ Qgy)0 foro = {y < f(t1,...,t,)} by induction on

the complexity of P (or ), since they have the same structure).

IB:

— Equational theories are are closed under substitution so s ~¢ ¢ implies so ~¢ to for any

substitution o.

— Atom formula:
Suppose for all i € {1,...,n} s; ~¢ t; and A(s1,...,5,) ~g A(t1,...,t,). Then the
equational theory may not change the predicate symbol, so by the definition of substitution

also A(s10,...,8,0) ~¢ A(t10,...,t,0) holds.

IH: A ~¢ B implies Ao ~¢ Bo for A and B of complexity < n.

IS:

— Negation: By IH we assume Ao ~¢ Bo for complexity < n. Since the equality ~¢ is on

terms only, also (—A)o ~¢ (—B)o.

— Conjunction, disjunction, implication:
By IH we again assume A0 ~g Byjo and Aso ~¢ Bso for complexity < n. For the same

reason as above, also (A4; o As)o ~¢ (By 0o Ba)o foro € {A, v,=}.

— Weak quantifier:
By IH we know Ao ~¢ Bo for complexity < n. Now also (QzAc) ~¢ (QxBo) since we

only replace strongly quantified variables in o.

— Strong quantifier:
By IH we know Ao ~¢ Bo for complexity < n.Let (Qz) be the quantifier applied to A (and

B). Then we have two cases:

% (Qz) is not the quantifier (Qy) eliminated in this step: Since we eliminate quantifiers
from left to right, (Qy) is left of () and thus not occurring in A. Then 4,y = A and
also xo = x since o only substitutes y to a term different from itself, so from A ~¢ B
we conclude 4,0 ~¢ B(gy)0.

% (Qz) is the quantifier (Qy) we want to eliminate: then Ao ~¢ Bo is already the formula
we seek, since (Jz is not applied and by having a regular proof with a rectified end-
sequent, we know that (Qy) does not occur twice in the formula, so A(Qy) = A and
By = B.
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Eigenvariables are not violated in the original process, because elimination rule for the left-most
quantifier is the closest one to the end-sequent. So even though a the term ¢; (a < ¢ < n) may
now appear sooner in the proof, there are no strong quantifier rules in between whose eigenvariable

condition could be destroyed.

With regard to the conversion rules we notice that they only contain a subset of the variables of the

original formulas so eigenvariable conditions can not be violated by them.

Cut Extension

The cut-extension 7T, is a proof transformation which replaces the rule for cut over the formula A by an
application of the implication left rule for the formula A = A. This reduces the task of cut-elimination
to one of tautology elimination in the antecedent of the end-sequent of a proof.> More formally, the proof
of the end-sequent I' r¢ A with n cuts is recursively rewritten, starting from the leaves. Every rule is
kept as it is, only the cut-rule is replaced by the implication on the left (see figure 5.4). To avoid variable

captures, we need to universally close A = B over the free variables 7 in the formula.

'y FreAy, P T2, Q FreAs
l
DimelnP (@ @reeds o .05 P = Qrreli by
bR TRESL 2 1,09, VT(P = Q) FrelAr, Ay 7

Figure 5.4: Replacement of the Cut Rule by Implication

Since for the cut-rule to apply, P ~r¢ @ must hold, it is easy to see that VZ(P = @) is valid and the
rewritten proof new has the end-sequent I', VZ1 (A4 = By),...,YZT,(A, = B,) Fre A. To handle the
tautologies more easily, we can build one valid formula by repeated application of the conjunction rule

on the left and get a proof of I', VZ1 (41 = B1) A ... AVZT,(4, = By,) Fre A

The Characteristic Clause Set

Definition 5.2.15 (C L(%, &), analog to [BLOO]). Let ¢ be a cut-free proof of the sequent S (in sequent
calculus modulo) and « be an occurrence of a formula in S. Then the set of characteristic clauses
CL(%, @) is inductively defined:

Let 1 be the occurrence of an initial sequent P ¢ @ in ¢, where P ~r¢ () and let i, (1)2) be the
occurrence of P (Q). If neither 7, nor 7, are ancestors of «, then C,, = {F-r¢}. If both, 7, and 7, are
ancestors of o, then C,, = (). If only n; is ancestor of «, then C, = {P tre}, if only ns is ancestor of «,
then C,, = {Fre Q}.

3The introduction of the cut-extension is somewhat artificial in the sense that we introduce a formula which will later be
eliminated again. Newer formulations of CERES like [BL06, HLWPO08,LB11] drop this construction, but for easier understanding,
the construction was kept.
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For an occurrence 7 of an initial sequent R x¢ with R &g L, there are only two possibilities: if
R is ancestor of « define C,, = {), if R is not ancestor of « define C;, = {F-r¢}.
Assuming the clause sets C,, with depth(x) < k have been constructed for all sequent-occurrences &

in 9. Then the sequent-occurrence A with depth(A) = &k + 1 is defined as follows:

1. Unary Rule: Let A be the consequent of the occurrence p, then Cy = C,,.
2. Binary Rule: Let A be the consequent of the occurrences p; and uo of the binary rule X.

a) Auxiliary formulas of X are ancestors of a: Cy = Cp, U Cp,.

b) Auxiliary formulas of X are not ancestors a: Cy = C,; ® C,, Where
{Prbre Quye o, Pobre Qu} @ {Ry e Ths- o, Ry Fre T} =
{Pi Rj bre Qi Tj|1 < i <n, 1 <j <mb.

Now CL(%, a) = C,, where v is the occurrence of the end-sequent.

Lemma 5.2.16 (refutability of C'L(%), «)). In a cut-free proof 1), the characteristic clause set C L(1), a)

is refutable if « is a left occurrence of a tautology.

Proof. This proof mirrors the one in [BLOO], since it only uses information about the structure of LK
proofs, which is the same for sequent calculus modulo. It works by showing that from the characteristic
clause set CL(1), ) the sequent B ¢ is derivable in sequent calculus modulo, where B is the formula
at position a.. Since sequent calculus is sound with respect to LK, 7, B - must be provable in LK and
by Theorem 4.3.2, there also exists an ENAR refutation of C'L(v, a).

We prove for all sequent occurrences A, C) FRrg anc(\, @) by structural induction on the depth of the

proof.

IB:
The only possible rules of sequent calculus modulo at depth 0 are axiom and bottom introduction®.

We first look at axiom introduction of P ~g¢ . Only if both P and ) are ancestors of «
(anc(\,a) = P Fgre Q), the corresponding clause set is Cy = 0, P re @ is a tautology prov-
able from the empty set of clauses. In the other cases C), is defined as anc(A, a), so the clause set trivially

proves the ancestor.

Now we look at an occurrence A of a bottom introduction for a sequent R ¢ with R ~ge L. If R
is ancestor of a, we need to prove R -r¢ from the empty set, which works because the formula is valid.
If R is not ancestor of a, ¢ is provable from {Fr¢}.

IH: suppose Cy Frg anc(A, @) for all sequent occurrences A with depth(\) < k.

4see figure 4.1
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IS: Let A be a sequent occurrence in ¢ at depth(\) = k + 1 and let ¢, be the proof of anc()\, ). We
now have to make a case distinction on the arity of the inference step and whether it is done on ancestors

of o or not:

1. unary inference: here the general structure of v, with the last inference rule X is:

(x)
AT FreA D
A/,I‘\/ l_RgA/,H/

with anc(\,a) = A’ Fre I and anc(p,a) = A e II for the predecessor occurrence p of
A. Since depth(p) = k, we can apply the induction hypothesis C,, -re I' Fr¢ II and obtain a
proof p for the ancestors of y from its corresponding clause set C,,. If the inference took place on
an non-ancestor of a cut formula, then A = A’ and IT = II’ so no rule application is required at all.
If the rule X operates on an ancestor, then X now allows to infer A’ -g¢ II’ from C > Which is

equal to Cy by definition 5.2.15:

(p)
Abgell
AN gl
For the rules V, 7 and 3,/ the eigenvariable condition must hold. This is the case, because in y the
eigenvariable condition is not violated, which means that the fresh variable v introduced does not
occur in the formulas (A U I' U A U II)\{F} where F is the principal formula of X. But then v
does also not occur in (A U IT)\{F}.

So Cx Fre A’ Fre I which is anc(), a).
2. binary inference:

a) binary inference on ancestors: The situation here is similar to the one before, but with two

sources. Let the general structure of the inference of ¢, be:

(x1) (x2)
A1, T Frelq, I Ao, Ty Frelo, Iy
AllaAIbFIla]-—vz l_REAllaAImH’hH‘IZ

with pq and po denoting the predecessor occurrences of A and anc(\, ) =T, T Fre 4,115,

anc(py,a) =T Fre T, anc(pz,a) =T, +xre II, being the ancestors of A, py and po.
Again by induction hypothesis, there are proofs p; and p, from C,,, and C,,, of the ancestors
of p1 and p» which can be joined together via X:

(p1) (p2)

I Frelly [y Frells

X
Flla F,2 '_Rgﬂll ) HIQ

soindeed C,, U C,, = Cx FrE anc(), a).
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b) binary inference on non-ancestors:
Since the inference takes place on non-ancestors, the formulas to be proven are the same.

Then the general structure of the inference of 1) is:

(x1) (x2)
A, T Frelq I Ao, To Frelo, Iy
AIlJA{ZJF17F2 l_REAllaA127H17H2

with pq and po denoting the predecessor occurrences of A and anc(\, @) = T'1, Ty Fre Iy, 1o,

anc(pr,a) =Ty Fre i, anc(us,a) = s Fgre Il being the ancestors of A, uy and
W2. Also by induction hypothesis, we again get the proofs p; and ps of I'y Fxe II; and
Iy Fre .

By looking at Definition 5.2.15, we need to prove C,, ® Cpu, Fre '1,I's Fre 11,15, For
this, for each clause in C'L(u2, a), we add this clause to p; by weakening and are then able
to use the enriched proofs instead of the introduction of the clause to form a combined proof.
Solet D; = {P1,R; Fre Q1,Ts;...; Pa, Ry Fre Qn, T} withi € {1,...,m} be those

parts of C,,, ®C,,, that are combined with clause ¢ from C,,,. We alsonoticethat ) D; =
i€{l,...,m}

Cﬂl ®Cu2-
For every i each axiom introduction P; ge Q; with 1 < j < n of p; can be ex-

tended to an introduction of E,E Fre @, T;. By repeating the rule applications of p;

we can prove the extended end sequents S; of pi[R; Fre T;] which have the structure
Ri, ..., Ri, T1 e I, T;, ..., T; and can be reduced to R;, ['1 +Fxe IIi, T; via
some contractions depending on the number of binary rules in p;. Since we assume p; and ps
to be regular, no eigenvariable condition is violated by this procedure and the resulting proofs

are correct. In the following, we denote the proofs by o;.

Now we can use the proofs o; as initial sequents instead of the original R; -r¢ T;. Again by
repeating the rule applications of p; we getanend sequentI'y, ..., 'y, I's Fgre Iy, ..., 111, I

which can be reduced to I'1, 'y 5 ¢ 117, I via contraction.

Soindeed C,, ®Cpy, = Cx FrE anc(A, a).

Example

In the example in figure 5.1 (which is is already a cut-extension), with a denoting the occurrence of
the formula Vz(E(x) = E(x + (1 + 1))) collecting the formulas going into cuts, the characteristic
clause setis {E(z +y) Fre E((x + 1) + (y + 1));Fre E(c+ ¢); E((c + ¢) + (1 + 1)) Fre}: Since
the top left inference is on non-ancestors of «, the sequents E(z +y) Fre and -re E((x+1)+(y+1))
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are merged. All other binary inferences take place on ancestors of a and are thus combined via set-union.

The tree in figure 5.5 shows the derivation.’

E(x+y) Fre FreB((x+1)+(y+1)) FreE(c+e) E((c+c)+(1+1)xre
E(x+y) Fre E((x+1)+(y+1)) FreE(c+o); E((c+o)+(1+1))re
E(x+y) FreB((x+D+(y+1)); FreEB(c+c); E((c+o)+(1+1)-Rre

Figure 5.5: Example of a characteristic clause set calculation

Figure 5.6 now shows how to construct a resolution refutation from the characteristic clause set.

E(z+y)rFreE(x+1)+(y+1) E((c+e)+(14+1) bgre
FreE(c+c) E(c+c¢) Fre
Fre

og={x<—0;y«—c+c}

Figure 5.6: Resolution refutation of the example characteristic clause set

Projections

One of the central ideas of CERES is to mirror the resolution refutation of the characteristic clause set with
proofs of the end-sequent without the cut-extension but additionally of one clause from the characteristic
clause set. These enriched proofs are called projections and are constructed by extracting that part of the
proof which contributes to the additional clause while replacing the remaining branches of the proof by

appropriate weakenings.

Lemma 5.2.17. Let 1) be a skolemized, cut-free proof of a sequent S : A, re A, where A is valid
and « is the occurrence of A in S. Let C' : P e @ be a clause in CL(¢), ). Then there exists a
cut-free proof )[C] of P,T re A, Q with I(1[C]) < 1(3).

We inductively construct a proof that proves anc(\, a) o C for each C' € C,. For the end-sequent, this

is exactly what we want to show: P,T -z¢ A, Q.

IB:
For an axiom introduction S : P ¢ @ with P ~¢ @ at position A, if both formulas are ancestors
of «, then it will not turn up in any projection. In the other three cases, Cy is defined as anc(\, &), so

anc(\, a) o C(A) = anc(\, a) o anc(\, a) = S is the whole sequent, which is valid.

SNewer formulations of CERES like [BHL* 08, Wel10, Pal09, LB11] drop the notion of characteristic clause set and replace it
by clause terms, which are trees with sequents as leafs and the merge and union operation as inner nodes. If the inner nodes are
labeled accordingly, figure 5.5 also represents the clause term.
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For the bottom introduction S : R Fpre with R ~pe L, there are two cases, one of them does
not prove any non-ancestor, so only the case where there are no ancestors remains. But then again,
R ¢ o Fre= R Fre, which is valid.

IH: suppose 9[C,,] is constructed for all proofs 9 of length < k with the end-sequent occurrence /.

Now we have to make a case distinction on the construction of C:

1. Unary rule:
Let the inference have the following shape, with length(u) = k, the formulas R, EI,T and T'

denoting ancestors of « and the formulas II, I/, A and A’ denoting non-ancestors of .

(p)
(WR I breT N
(MR, reT, A

By IH, we can assume p[C] is already constructed for all C' € C,. From the definition of C, we
also know that the clause set does not change in unary inferences, so Cy = C,. Nonetheless the

construction of the projection differs whether the rule is applied to ancestors of a or not:

a) Inference on ancestors:
In this case, the non-ancestors don’t change, so p[C'] is already the proof we need:

(p) _ _

_ _ (P[P Fre Q)
R OreA,T = i

——— X P, Il FRreA,Q
R7H }_RSAaT

Also by TH we we know that length(p[C]) < length(p), but since we did not change the
proof, trivially also length(p[C]) < length(p) + 1.

b) Inference on non-ancestors:

Here only the non-ancestors change, so by just repeating the inference, we get a proof of

P, bge AT:
(p) (p[P Fre Q1)
E7 iy }_Rt‘:Alaf X = ﬁ7 g FRSAC@
R, FgeA,T P, FRreA,Q

Since C can contain variables, an application of the V, 7 and 3, [ rule could now violate their
eigenvariable conditions. This is the reason why we required 1/ to be skolemized, where those

rules do not occur anymore.

By IH we we know that length(p[C]) < length(p). We apply exactly one rule on both p and
p[C1, so the inequality still holds.
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2. Binary rule:

Let the binary rule have the following shape, with length(p;) < k,Cy = P re Q, anc(\, o) =
I ~ge A and anc(\,a) = R e T

a)

b)

Example

(p1) (p2)
(p)R1, 1 FreTt, Ay (u2)R2, 1o reTo, As X
(M FreA

On ancestors:
From the definition, we know that Cy = C,, v C,,. Then either C'is element of C,,, or C,,.
We can w.l.o.g. assume C' € p;. By IH we can construct p; [C]. Since we are not interested in

proving clauses in Cs, we do not need p2 but can add the formulas I, and A, by weakening

instead.
(p1) (p2) (pilP; Fre Qs))
Ry, 11 FreAy, Ty Ry, Iy Freha, To = Pi, i Freli, Qs
— — X — — w,l+ 71
Ry, T EreArs A2, T Py, 1,12 FreAr, A2, Qs

We know from the IH that length(p;[Ci]) < length(p;), so the proof of the sequent-
occurrence A has then length(py) + length(ps) + 1, whereas the projection has a length
of length(p1) + n, where n is the number of formulas in ITs e (2. Since the introduction
rules do not have a context, there is no way to introduce n formulas in a proof of length < n.

So the projection has a lesser length than the proof of A.

On non-ancestors:

In this case, the parts of C' do come from both p; and p»: by definition of C, Cy = C,, ®C,,.
Since C' € Cy, there are clauses C; € C,, and Cy € Cy, such that C; o Cy = P, Fre
Q10P, Fre Q2. Applying the TH, we can construct the proofs p; [Cy] and p2[C2]. Since the
rule is applied on non-ancestors, we can repeat it. Because we have a multiplicative sequent
calculus, the ancestor formulas are merged, which is exactly, what we want to achieve to

prove Il e A[C]:

(p1) (p2) (m1[P1 Fre Q1)) (p2[P2 Fre Q2])
R, breAy, T R,y Frela, T X = P11 FreA1, Q1 Py, 1z Frel2, Q2 X
E,H '_R5A7T ?17E7H F'RSAvazg

Again, the length of of the proof of the sequent-occurrence \ is length(p:) + length(ps) + 1
and by TH we know that length(p;[C;]) < length(p;). Now the length of our constructed
projection is length(p1[C1]) + length(p2[C2]) + 1 < length(p:) + length(pz) + 1.

Since the characteristic clause set from figure 5.5 contains three clauses, there are also three projections

which are given in figure 5.7.
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Projection to E(x + y) Fre E((z +1) + (y + 1)):
E(z+y) FreE(x + ) E((z+1)+@y+1) FreE((z+1)+(y+1))

E@x+y)=E(z+1)+(y+1)),E@+y) FreE((z+1)+(y+1))
Ve(E(z) = E@@+(1+1)),Ex+y) FreE(z+1)+ (y + 1))

v,

Projection to gre E(c + ¢):

E(c+c)FreE(c+c) o
E(c+c)FreBlc+c),E(c+ (14 (1+¢)))
E(c+c¢),Ve(E(z) = E(x+(1+1))) FreE(c+¢),E(c+ (1 + (1 +¢)))

w,l

Projectionto E((c + 1) + (¢ + 1)) Fre:

FreE(c+ (14 (1+¢)))
E(c+c), FreE(c+ (14 (1+¢)))
E(c+c¢),Vz(E(z) = E(z + (1 + 1)), FreE(c+ (14 (1+¢)))

Figure 5.7: Example for projections

w, 1

w,

Inserting the Projections into the Resolution Proof

We have already seen how to translate a resolution proof into sequent calculus modulo, but in the case of
projections, our clause sequents have an additional context I' —z¢ A and instead of the empty sequent
we want to derive I' ¢ A. Now changing the resolution translation from figure 4.6 to one with context
(figure 5.8) leaves us to check whether this could introduce any problems. Since our clauses are ground,
they cannot interfere with the free variables in ' r¢ A, but the multiplicative nature of the rules of
sequent calculus modulo doubles the context after each resolution step. This can be remedied with a
series of contractions after each resolution translation. By the simulation of the resolution steps, we reach
a proof with only atomic cuts of I' -re A[-re] =T Fre A in the end, which is what we wanted to
achieve.
[,Q 0rrePif,....P0,Q,0,A . T,Ri0,...,Rp0,5 0 FreS,0,A -
[LQ_0+reP160,Q.0,A IR10,5_0 reS4+6, A
IT,Q_0,5S 0+reQ.,0,S16,AA
r,Q_6,5_6 I—Rg§+9,§+9, A

Figure 5.8: Translation of resolution steps with projections into sequent calculus modulo

cut

c,lr

Example

Since the endsequent repeats itself often in the proof, we denote its antecedent by I' = E(c+c¢), Vo (E(z) =
E(z + (1 +1))) and its successfully by A = E(c + (1 + (1 + ¢))). From our resolution proof we get
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the substitution o = {z < 0,y < ¢ + ¢}, which already creates ground instances of the clauses in the

characteristic clause set. The combined proof in ACNF can be seen in figure 5.9; p denotes the original
proof (figure 5.1).

plE(x+y) Fre E((x +1) + (y + 1))]o plE((c+e)+(1+1) Frelo
L,EQO+ (e + ) FreE((c+ 1) + (e + 1)), A DE({ete)+(1+1)Frel .
DO+ (ete) Fred e
cu

plre E(c+o)lo
I'FreE(c+c¢),A

T'relA

Figure 5.9: Example in ACNF after combination of the projections
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CHAPTER 6

Implementation and Experiments

6.1 Overview

To experiment with CERES modulo, a specific equational theory needed to be chosen. AC and ACU
were selected because they are among the best studied equational theories. Also the long range goal
is to analyze Fiirstenberg’s proof of the infinity of primes in CERES modulo as was already done with
CERES [BHL " 08] since it contains many arithmetical inferences which could profit from the integration
of ACU. Also an implementation was started as part of the GAP project [LWWP™"] which contains the
new implementation of the CERES method based on typed lambda calculus.

6.2 Examples and Comparison to CERES

The proof of the infinity of primes is huge - even the first instance of the schema is a proof tree of roughly
500 nodes - so extracting the characteristic clause set by hand is not an effective option. A proof over
Fibonacci numbers showing that Yz fib(z) + 1 < fib(z + 3) should have been a simpler example. It
sounded reasonably small, but some rules intuitively used by humans had to be proved as lemmas and
made the whole proof longer than expected. The principle VzVyVn(z <y = x +n <y + n) i.e. the
monotonicity of the lesser-than relation on natural numbers is an example for this. Although the intuitive
lemmas provide many non-trivial cuts, the increase of the size of the whole proof makes it too large for a
manual extraction of the characteristic clause set.

The third example tried was the one from section 5.2 proving that four is an even number containing
the cut lemma that for every even number x, the number x+4 is also an even. For a comparison with
CERES for LKDe [BHL"06], the deduction modulo proof can be transformed to a sequent calculus
proof with the theory AC by theorem 4.2.3. Its characteristic clause set then additionally contains the
paramodulants proving the equalities. The characteristic clause set is given in figure 6.1 and the resolution
refutation is shown in figure 6.2. The resulting cut-free proof in ACNF (figure 6.3) is larger than the
corresponding proof obtained by CERES modulo because it also needs the projections to the equational
axioms. For the refutation no equational inferences were needed in sequent calculus modulo. On the
other hand equational resolution generates more intermediary clauses since the minimal complete set of

unifiers is usually considerably larger than the single unifier theory-free unification generates.
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CL(¢,a) = {E(@+y)tre E((x+1)+(y+1));kre E(ct+c);E(c+ (1+(1+¢))) Fre} v
{Fre Cs = C35re C3 = Co;-re Cy = C1}u
{Fre Cs = Cs;-re Cs = Cri-re Cr = Cg,re Cg = Cy}

shorthand notation:
Ci=c+(1+(1+¢),Co=c+((1+1)+¢),Cs=c+(c+(1+1)),Ca=(c+c)+(1+1)
Co=(c+ )+ y+1),Ce=c+(1+(y+1),Cr=c+((y+1)+1),Cs=c+ (y+(1+1)),
Co=(c+y)+(1+1).

Figure 6.1: Characteristic clause set for the example in CERES with LKDe

FreC1 =Ca FreC2 =C3
FreC1 =0C3 B FreC3 =Ca
FreC1 = C4 B
P1
FreCs = Cs FreCs =C7  _ FreCr = Cs Frels =Co  _
FreCs = C7 FreC7 = Co
FreCls = Co B
p2
P2 FreE(c+c) E(+y)FreE(z+1) + (y +1)) p1
FreCs = Cg FreE((c+1)+ (c+1)) _ E(c+ (14 (1 +c¢)))Fre FreC1 =Ca _
FreE((c+y) + (1+1) B E((c+e)+(1+1) Fre y
Fre R7U = {y « C}

Figure 6.2: Resolution refutation for the example in CERES with LKDe

6.3 Implementation Details

Since GAP is written in the functional Scala programming language, using Scala was an obvious choice.
Stickel’s unification algorithm (see section 3.4) was chosen because most improvements are based on it.
This choice proved to be very hindering, since the expected ease of adaptability is not provided by the

algorithm.

Diophantine Solver

To solve the diophantine equations, Lankford’s algorithm (see section 3.3) was used. Its mathematical
specification is very close to an implementation by iterating over the inductive steps of the algorithm. In
absence of a suited vector library, a vector implementation is also included. Since most operations on
vectors are iterations, vectors are represented as LISP-style lists of integers and also matrices are lists of

vectors. For the sets, the HashSet datatype wes deemed fitting.
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[FC;=CA T[HCs=Cp,A  TFC;=Cs,A T FCs=CyA

TFC; =Cr, A THCr=Cy, A _ I'FE(c+c),A T,Elc+c)FE((c+1)+(c+1)),A

T FC5 = Cy, A FFE((c+ 1)+ (c+1),A
PFE((c+c)+(1+1)),A B

S}

FFCL=Cy A THCy=CsA
I'-C =05, A T THC3=Cy A _
I E(c+ (14 (1+¢)) FA TFC, =0, A -
LE((c+c)+(1+1) FA

2

FFE((c+c):>(1+1)),A F,E((c+c)+1(1+1)) FA .
TFA o

Figure 6.3: ACNF of the example in CERES with LKDe

Unification

The separation of the elementary case from the general case in the mathematical description of Stickel’s
algorithm leaves some room for improvements in the implementation. In the abstraction step it is already
known which variables will be unified with a constant or a term not starting with the symbol f i.e. which
coefficients of a solution have to be equal to one. For this reason two functions uni fiable_invariant :
N7+™ s B and uni fiable_condition : N™*™ s B are created on the fly. Let I be the set of indices
of coefficients which will need to be equal to one because they will be unified with a constant later. Then
uni fiable_invariant(v) is true if and only if 7;(v) < 1 fori € I. For ACU uni fiable_condition(v) is
true if and only if 7r;(v) = 1 fori € I and for AC uni fiable_condition(v) is true if and only if 7;(v) = 1
fori e I and mj(v) > O with j € {1,...,n + m}. These two functions are used to remove solutions as
early as possible during the generation of solutions from the basis vectors.

The unification algorithm itself is a modification of the rule based approach [MM82], its code is given
in listing 1 in appendix 7. The main idea is to generalize the function unify to return a list of substitutions
and to define composition of lists of substitutions as Sy 0 Sy = {o102|01 € Si,02 € Sa}. As it turned
out, for equational theories solutions can not be composed that way. In the beginning, the missing ability
to solve systems of solutions was underestimated, since we expected the composability in the following
way: a set of equations P = {t; < ty a8 t3} is decomposable such that if there exists a most general
unifier # such that s10 = s-6 and there exists another most general unifier o such that s,60 = s360, then

Ao is a most general unifier of P.
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The example of {f(z,a) L0 fly,b) Zac f(z,¢)} from section 3.4 is a counterexample to this
assumption. At first sight, this might not seem too restricting since in immediate consequence, the ex-
tended resolution step in figure 4.5 would be forced to resolve only over one positive and one negative
clause. This is insofar wrong since also the resolution of { P(u, u,u), =P (f(a,x), f(b,y), f(c,2))} leads
to a system of equations. Even the restriction to monadic predicates is not enough, since functions can
play the same role as polyadic predicates. The corresponding counterexample is then {P(g(u,u,u)),
=P(g9(f(a,z), f(b,y), f(c,z)))}. For this reason the implementation can only handle monadic predi-

cates and function symbols, which is a too small subset to be used in a reasonable prover.
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CHAPTER 7

Summary and Future Work

The CERES method has been successfully extended to equational theories and tried out on small examples
in the theory ACU. One observation is that for CERES modulo to really make a difference, a proof has to
make actual use of theory inferences. For this reason, existing proofs need to be modified which requires
substantial additional programming. In the case of Fiirstenberg’s proof of the infinity of primes, the proof
is represented in the language HLK (shorthand for Handy LK) [SHW] which for instance has automatic
inference of propositional parts of a proof amongst its features. To fit the proof into the framework of
deduction modulo, either the C++ implementation of HLK needs to be adapted to equational inferences
or a replacement needs to be found!. Also the current implementation still concentrates on the refutation
of the characteristic clause set and needs to be extended by the representation of sequent calculus modulo
proofs for the extraction of the characteristic clause term and the projections to work.

On the theoretical level, an obvious extension is to allow propositional rewrite rules. Since a propo-
sitional rewrite rule can rewrite a formula occurrence to one containing strong quantifiers, some eigen-
variable conditions may no longer hold during application of the CERES modulo method. A possible
approach to this is to label formulas with the context of the strongly quantified variables in which they
were before skolemization. The consequence for the resolution part is not that severe; the ENAR rule
already captures these concerns because it has skolemization integrated into its clause set transforma-
tion (see figure 4.4). Since deduction modulo simple type theory also has the cut-elimination property,
it could be interesting to study its relation to higher order sequent calculi, especially since the calculus
LK sk used for CERESY [Well0] already has labels for formulas and also the (V,r) and (3,1) rules are

restricted to the generalization of skolem terms only.

IThe new implementation of CERES in Scala has similar needs. A possible replacement could be the use of a higher order
proof assistant like Isabelle [Isa] or Coq [Coq].
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Listings

Listing 1: Unification Algorithm
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Fibonacci Example

Axioms
Ay f0)=1 Ag YaVy(z <z + (y+1))
As f)=1 A Vz—z <z
As Ve(f(z+ 1) +1)=flz+1)+ f(z) As VeVyVz(z<y) A (y<z)= (z<2)
Ay Voe—z <0 Ay VaVyVn(z +n=y+n=ux=y)
As VaVy(z <y < Jz(z+ 2+ 1 =1y))

IND[A] A(0) A (VA(z) = A(z + 1)) = VzA(z)

Definitions
2=1+1
3=(1+1)+1

4=(1+1)+1)+1

AXEAl,...,Ag

Dependencies




Lemma 1: - 2 < f(3)

AX FRre2+0+1=2+41
AX bFRredz2+z+1=2+1 AX,2 <24+ 1Fre2<2+1
AX,3224+24+1=24+1=2<2+1tRre2<2+1
AX,2 <24+ 1=3224+24+1=2+4+1,3224+24+1=24+1=22<2+1Fgre2<2+1
AX,2<2+1e3224+2+1=2+1Fre2<2+1
AXVy2 <y<e 322+z2+1=y)lre2<2+1
AX, A5 FRre2<2+1
AX Fre2<2+1
(%)

)

w,l
AL

v,1
v,1

c,l

(%)
AX Fref(0) =1 AX bFre2<2+1
AX Fref(l) =1 AX Fre2 <14 f(0)+1
AX Fref(l) =1 AX Fre2 <1+ £(0) + f(1)
AX Fre2 < f(1) + f(0) + f(1)
*)

,T

AX, £(2) = (1) + FO) re £(3) = 12) + £
AXJ(3) = §@) + 1) Frel() = I + 7). AX AXy Fre @) = FO)+10)
AX AXs Fre () — 1)+ (1) | AX Fref@) = JO +10) _°

v,1

AX Fref(3) = f(2) + f(1) ’ AX Fre2 < f(2) + F(1)

AX Fre2 < f(3)



Lemma2: 0 <1

AXFRre0+1+0=1 Iy
AX Fred20+14+2=1 7’ AX,0<1lFRred<1
AX,320+1+2=1=0<1}re0 <1
AX,0<1=320+14+2=1,320+1+2=1=0<1Fpred<l1
AX,0<1 < 320+14+2=1Fre0 <1
AX,Vy0 <y 320+ 1+2=y)rel <1
AX Fre0 <1

w,
A,

v,1
v,1

Lemma 3: Vzyz(z <y =z <y + 2)

c1 <c2+cez,cr <cp,catcg<catcezs+0+1FgReen+c3<ca+ez+1
c1 <eate3,en <co,Vylea+es<ca+tes+y+1)breeat+ce3a<ca+ez3+1

)

FreAs c1 <ep+e3,c1 <co,Agbrecate3 <extea+l V.l
c1 <c2+ce3,c1 <co2bRreer <c2+c3 c1 <c2+c3,c1 <c2bRpegca+c3 <catcez+1 cut
c1 <c2+c3,01 <calbpRreger <c2+c3 Ac2+c3<ca2+ez+1 cp <c2+cez3+1lbreger <c2+ez3+1 =
(c1<02+03,cl<cz,cl<cg+03/\02+03<02+03+1):cl<C2+03+1|—R5c1<02+03+1 ’
)
AgFRg(Cl<CQ+63ACQ+03<CQ+C3):>61<02+63+1 (*)
c1 < c2bRec1 < c2 c1 <c2+c3,01 <c2bpeger <ea2+c3+1 =1 cut
c1 <c2=c1 <ca+ce3,c10 <cabRpeer <catc3+1 -~ ’
ci1<c2=c1<c2tczbpreer <c2=c1 <c2+c3+1 ’:>7“
c1 <cobpeer <ca+0 oy Fre(ci <ca=c1<catez)=>(c1<ca=c1<ecatez+1) 71”
FRreer <ca=cy <ca+0 ’ FreVz((cn <co=c1 <ca+2)=(c1 <cra=c1 <ec2+2z+1)) vyr
Frecr <cx=c1 <ca+0AVz{((ci<eca=c1<c2+z)=(c1<ca=c1<ca+z+1)) ’ Vz(er < ez = c1 <c2+2)breVe(cr <ea=c1 <ca+2)
(aa<eca=ca<c+0rvVz((aa<e=>ca<c+z2z)=>(a<c=c<c+z+1)))=>Vz(ci <cr=c1 <e2+2)FreVz(c1 <ca=c1 <ca+2) .
,

IND reVyz(cn <y =c1 <y +2)
IND breVeyz(z <y=x <y +2)




Lemma 4: Vzl < f(z + 3)

+reLemmal Lemmal -re f(0) +1 < £(3)
Frel < £(0) + 1 Fref(0) +1 < f(3) v
Frel < f(0)+1Af(0)+1<[(3) 1 <fB)Frel < f(3)
<O+ 1A JO) +1<IB) = 1< IO rrel <70)
FreAs Astrel < f(3)
Frel < f(3)
(*)

Vi, 2x

cut

1< f(a?o -‘,—3) Frel < f(mo +3) 1< f(xo +3+ 1) Frel < f(mo + 3+ 1)
1< f(wo+3),1< flzo+3)=1<f(wo+3+1)Frel < flzo+3+1)
FreLemma3 1< f(zo +3),Lemma3 grel < f(xzo+3+1)
1< f(zo +3) Frel < f(zo +3 + 1) cut
@) Frel < f(@o+3)=1< f(o+3+1)
Frel < f(0+ 3) FreVz(l < flz +3) =1 < f(z +3 +1)) :’7"

)

Frel < f0+3)aVe(l< f(z+3)=1< flz+3+1)) Vz(l < f(z + 3)) FreVz(l < f(z + 3))

Vv, x3

’

IND[1 < f(z + 3)] FreVa(l < f(z + 3))



Lemma 5: VaVyVn(z =y =z +n=y+mn)

2o = Yo FRETO = Yo Frewo+1 =20+ 1
Zo = Yo FReTO + No = Yo + o
FRreXo = Yo = To + No = Yo + No

=, T

V,r x3
FreVaVyVn(z =y =z +n=y+n)
Lemma 6: VaVyVn(z <y =z +n <y+mn)
As,zo+20+1=yobFRrexo+20+1=uyo As,c0+20+1+np=yo+nobrexo+mno+20+1=yo+no
As,0+20+1=yo,T0+20+1=y0=To+20+1+n0=yo+noreTo + 710+ 20 +1=2yo+no V.Ix3
—reLemmab As,z0 + 20 + 1 = yo, Lemmab —rexo +no + 20+ 1 =yo + no ’
As,z0+20+ 1 =yoFreTo +m0 +20 +1=yo+mno s cut
As,zo+z0+1=yobredzwo+no+z+1=yo+mno
(%)
Zo +no < Yo +no Hrexo +no < Yo + no Jzxo +nyz+1=yo+notredzzo+niz+1=yo+no =
(%) Jzwo +n4z + 1 =yo + no = o +no < yo +n0,3zx0 + 10 + 2+ 1 = yo + no Frexo + no < yo + o le’g/A o
As,20 + 20 + 1 = yo FreIexzo +n0 + 2+ 1 =yo +no As,dzxo + 10 + 2+ 1 = yo + 1o FreTo + 1o < Yo + no ’ T
As, w0 + 20 + 1 = yo FreZo + no < Yo + 1o
(*)
Az(xo + 24+ 1 =1yo0) Fre3z(zo + 2+ 1 = yo) To < Yo FRETO < Yo ()
To < Yo, zo <Yo = Jz(zo+2+1=yo) = FreIz(xzo+2z+1=uyo) VIX24 At w As,x0 + 20+ 1 =90 HreTo +no < yo + no 0
As,z0 < yo FreIz(wo + 2+ 1 =yo) ’ ’ As,Jz(mo+2+1=yo) Frexo +no <yo +no
As,20 < Yo FRETO + N0 < Yo + Mo 0
As FreTo < yo = To + 1o < Yo + No
V,r x 3

As FreVaVyVn(z =y =z +n =y +n)



Lemma 7: (A(0) A A(1)) A VzA(z + 2) = Yz A(z) (Schema)

A(O)7 A(Io -+ 1), A(Io) F‘RgA(a?o + 1)

A(0) Fre A(0) A(0),VzA(z + 1), A(zo) Fre Alzo + 1) v lr
A(0),VzA(z + 1) Fre A(zo) = Alzo + 1) ’ A(mo) HFre Alzo)
A(0),VzA(z + 1) FreVz(A(z) = Az + 1)) Ve A(z) FreA(zo)
A(0),VzA(z + 1) Fre A(0) A Vz(A(z) = Az + 1)) ’ Ve A(z) FreVeA(x) ;Tl
IND[A(z)], A(0),Vz A(x + 1) FreVzA(T) ’
*)
A(O),A(l),A(xl + 1)714(1‘1 + 2) FRSA(ZL’l + 2) V.1
A0), A1), Yz A(z + 2), A(z1 + 1) Fre Az +2)
A0), A(1),VzA(z + 2) Fre A(z1 + 1) = A(z1 +2)
A(l) FreA(D) A(0), A1), V2 A(z + 2) FreVo(A(z + 1) = Az + 2)) " (*)
A(0), A(1), VaA(z + 2) Fre A(L) A Vo(A(z + 1) = Az + 2)) IND[A(x)], A(0), A(), Ve A(z + 2), VaA(z + 1) FreVaA(z)

=,I(IND)
IND[A(z)],IND[A(z + 1)], A(0), A1), Ve A(z + 2) FreVoA(T)

IND[A(z)], IND[A(z + 1)], A(0) A A(1),VzA(x + 2) FreVarA(z)
IND[A(z)], IND[A(z + 1)], (A(0) A A(1)) A VzA(z + 2) Fre VT A(T)

k]

A,




Lemma 8: Vz(0 < f(x))

I'=AX,IND[0 < f()],IND[0 < f(z + 1)],IND[0 < f(z +2)],0 < 1

AX,0 < f(z2 +2) Fre0 < f(z2 +2) AX,0< f(ma +2),0 < f(2+2)+ f(2+ 1) Fre0 < f(z2 +2) + f(z2+ 1) Ny
AX,0 < f(2 +2),0< flz2+2)=0< fxz2+2)+ fxz2 + 1) Fre0 < f(z2 +2) + f(z2 + 1) ’
V)

V) !
AX,0 < f(z2 +2),¥2(0 < f(za +2) =0 < f(z2 +2) + 2) Fre0 < f(z2 +2) + f(z2 + 1) v’l

AX,0 < f(z2 +2),VyV2(0 <y =0 <y +2) Fre0 < flza +2) + flz2 + 1) ’

AX,INDI...] Fre Lemma3 AX,0 < fxa +2),VaVyVe(z <y =z <y +2) Fre0 < f(za +2) + f(z2 +1) '
AX,0 < f(z2 +2) FRre0 < flw2 +2) + f(z2 + 1) cut
Iv)

AX Fre04+ f(0O) +1 =1+ f(0)

AX Fredz(0+2+1 =1+ f(0)) AX,0 <1+ f(0) Fre0 <1+ f(0)
AX,32(0+z+1=1+ f(0)) =0 <1+ f(0) Fre0 < 1+ f(0)
AX,0<14f(0)=32(0+2+1=1+f(0),32(0+2+1=1+ f(0)) =>0<1+ f(0) Fre0 < 1+ f(0)
AX,0 <1+ f(0) & 3z(0+2+1=1+ f(0)) Fre0 < 1 + f(0)

3

=1

w,l

A, l

AX,Vy(0 <y < 3F2(0+2+1=19)) Fre0 <1+ f(0) v vl
AX, f(2) = f(1) + £(0) Fre £(2) = f(1) + £(0) AX,AX5 Fre0 < 1+ f(0) ol '
AX,AX3 Fre f(2) = f(1) + f(0) y ’ AX Fref(l) =1 AX g0 <1+ f(0) _ 7
AX Fre f(2) = f(1) + f(0) ' AX Fre0 < f(1) + f(0) -
AX Fre0 < f(0+2)
(m
AX, f(w2 +3) = fl@2 +2) + (@2 + D Eref(@2 +3) = fl@2 + 2+ fla2 + 1)
AX,AX3 bref(za +3) = f(wa +2) + f(z2 + 1) ol ’
AX Fref(za +3) = flwa +2) + fz2 + 1) ’ awvy _
AX,0 < f(z2 +2) Fre0 < f(m2 +3) -
(m AX Fred < f(za +2) =0 < f(zg +3) 0 < f(z1 +2) Frel < f(z1 +2)
AX Fre0 < f(0+2) AX Freva(0 < f( +2) = 0 < f(z + 3)) A’J Va0 < fz+2) Fre0 < fe1 42)
AX g0 < f(0+2) AV2(0 < f(z +2) = 0 < f(z +3)) V(0 < f(z + 2) reVe(0 < f(z +2))

AX,IND[0 < f(z + 2)] FreVz(0 < f(z + 2))
D




(Lemma 8 ctd.)

0 < f(xo0) Fre0 < f(xo)

s

(Lemma 7 [0 < f(x)]) V(0 < f(x)) Fre0 < fzo)
000 IND[0 < f(2)],IND[0 < f(z + 1)],(0 < f(0) A0 < f(1)) A V2(0 < f(z + 2)) FreVz(0 < f(x)) V(0 < f(z)) FreVe(0 < f(z)) ’
AX,IND[0 < f(z + 2)] F re¥2(0 < f(z + 2)) T,0 < £(0),0 < f(1),Vz(0 < f(z + 2)) - reVa(0 < f(2)) cut
T,0 < £(0),0 < f(1) FreVa(0 < f(z)) cut
D
AX FRgf(l) =1 AX,0<1tpred<1 _ @D
AX Fref(0) =1 AX,0<1pre0<l | AX,0 < 1Fre0 < £(1) o 1,0 < /(0,0 < () Freve(0 < /()
AX,0 <1F5e0 < £(0) I',0 < f(0) -reVz(0 < f(x))
AX breLemma2 T hrevVe(0 < f(x)) cut cut

AX,IND[0 < f(x)], IND[0 < f(z + 1)], IND[0 < f(z + 2)] FreVa(0 < f(z))



Lemma 9:Vzf(z) +1 < f(z+3)= f(z+ 1) +1 < f((z+3)+1)

Iy = AX,IND[0 < f(z)],IND[0 < f(z + 1)],IND[0 < f(z + 2)]

AX,0 < f(z0) FreO < f(z0)

AX +reLemma8 AX, Lemma8 Fre0 < f(xo0) V!
AX Fre0 < f(zo) AX,0+ f(zo +3) < f(zo) + f(wo + 3) Fref(2o + 3) < f(zo + 3) + f(wo)
AX,0 < f(xo) = 0+ f(zo +3) < f(zo) + f(zo + 3) Fre f(zo + 3) < f(zo + 3) + f(xo)
AX,0 < f(z0) = 0+ f(wo + 3) < f(wo) + f(wo + 3) Fre [(2o +3) < fxo +3) + f(wo) vl
AX ¥2(0 < f(zo) = 0+ 2 < f(x0) + 2) Fre f(xo + 3) < f(zo + 3) + f(xo) v ’
AX,VyVz(0 <y =0+ 2z <y + 2) Fre f(zo + 3) < f(zo + 3) + f(zo) V.1 ’
AX FreLemmab AX, Lemmab re f(zo +3) < f(xo + 3) + f(xo0) . ’
AX bFre flzo +3) < f(mo +3) + f(@o) - “
AX,1 < f(zo+3) Frel < f(zo +3) AX,1 < f(zo +3) Fref(zo +3) < f(zo +3) + f(zo) /\71"
AX,1 < f(xzo+3)Frel < f(zo+3) A f(zo+3) < f(zo+3) + f(zo)
(***)
AX,1 < f(zo+3) Frel < f(xo+3) A f(zo+3) < f(zo +3) + f(zo) AX,1 < f(xzo +3) + f(xo) Frel < f(zo + 3) + f(zo0) Ny
AX 1< f(zo +3) A fwo +3) < f(@o +3) + f{wo) = 1 < f(wo +3) + f(wo), 1 < fzo+3) Frel < fwo +3) + f(zo) V.1 7
AXVz(l < f(xo+3) A f(mo+3) <z=>1<2),1 < f(wo+3) Frel < f(zo +3) + f(xo0) ’
(%)
(%)
AXVz(1 < f(xo+3) A f(mo+3) <z=>1<2),1 < f(wo+3) Frel < f(zo +3) + f(zo0) V.1
AX,VyVz(l<yry <z=1<2),1 < f(zo+3) Frel < f(zo + 3) + f(z0) v ’
AX, Ag, Lemmad Frel < f(zo + 3) + f(zo0) ’
AX,IND[1 < f(z + 3)] -re Lemma4 AX,Lemmad rel < f(zo + 3) + f(z0) &l
AX rel < f(w0 + 3) + J(w0) cut
(**)
(**) AX,1 < f(zo +3) + f(wo) = L + f(wo + 1) < f(zo +3) + f(z0) + f{zo + 1) Fre f(wo +1) + 1 < f(zo + 3) + fzo + 1) + f(z0) Ny
AX,1 < f(zo +3) + flwo) = 1 + f(zo+ 1) < flzo +3) + fzo) + flwo + 1) Fref(wo +1) + 1 < fzo + 3) + flwo + 1) + f(wo) vy '

AX Vz(1 < f(mo+3)+ f(wo) = 14+ 2z < f(wo +3) + f(xo) + 2) Fref(xo+ 1) +1 < f(zo +3) + f(zwo + 1) + f(mo) v
AX,VyVz(l<y=1+z<y+zbtreflro+ 1)+ 1< f(zo +3)+ f(xo + 1) + fxo) ’
AX FreLemmab AX,Lemma6 -ref(zo+ 1) +1 < f(zo +3) + f(zo + 1) + f(z0)
AX Fref(zo+1) +1 < f(zo +3) + f(zo + 1) + f(wo) -
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v,1




Lemma 10: Vz f(z) + 1 < f(z + 3)

Remark: this must also work without induction, since lemma 9 does not use the induction hypothesis.

FreLemmal Lemmal —re f(0) +1 < f(3) FreLemmad Lemma9 FreVaf(z)+ 1< flz+3)= flz+ 1)+ 1< f(z +4)
Fref(0) +1 < f(3) FreVef(@) +1<flx+3)= fla+ ) +r1<fletd)
Fref(O)+1< fB3)AaVefx)+1< flz+3)=flz+1)+1< flx+4) ’ Vef(z)+1 < f(x+3) FrevVef(z)+1 < f(z+3) ~

IND[f(x)+ 1< f(z +3)| FreVaf(z) +1 < f(z + 3)



Notation

When talking about sets of variables, we sometimes group them by writing them in vector notation (especially if their number is

not important). The term f(z1,. ..,z ) then just becomes f(Z). Vectors over the naturals are then just underlined.
T vector notation for logical symbols
v vector over natural numbers
G, ...,d logical constants
e logical constant for the unit element
I g logical function symbols
Byooey? index variables over the natural numbers
s,t terms of universal algebra and logic
Uyeuny 2 logical variables and variables over the naturals

P,Q,R predicate symbols
A, G logical formulas

T,AJII;A  sets of logical formulas

o, 1,0 substitutions

TP proofs

S sequent (occurrence)

X rule name

£, B special vectors (solutions and bases)
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AND QVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELLS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.

“And the whole setup is just a trap to capture escaping logicians.

None of the doors actually lead out.”

by Randall Munroe, with courtesy taken from http://xkcd.com/246

72


http://xkcd.com/246

	Contents
	1 Introduction
	2 Equational Unification
	2.1 Overview
	2.2 Definition over Universal Algebras
	2.3 Semantics
	2.4 Proof Systems
	2.5 Unification

	3 AC and ACU Unification
	3.1 Overview
	3.2 Deciding the word problem for AC and ACU
	3.3 Diophantine Equations
	3.4 Semantic AC and ACU unification
	3.5 Sets of equations

	4 Deduction Modulo
	4.1 Deduction Modulo
	4.2 Sequent Calculus modulo
	4.3 Extended Narrowing and Resolution
	4.4 Cut-Elimination

	5 Cut-elimination Modulo
	5.1 CERES
	5.2 CERES modulo

	6 Implementation and Experiments
	6.1 Overview
	6.2 Examples and Comparison to CERES
	6.3 Implementation Details

	7 Summary and Future Work
	Appendix
	Listings
	Fibonacci Example

	Notation
	List of Tables
	List of Figures
	Bibliography

